
Calculus I
Exam 2, Summer 2002, Answers

1. A curveC in theplaneis thegraphof therelationx3 � xy2 � y
�

x2 � 2 � Find theequation of thetangent
line to thecurve at thepoint (-1,2).

Answer. Take thedifferentialof thedefining equation:

3x2dx � y2dx � 2xydy
�

dy
�

2dx � 0 �
Substitutex � � 1 � y � 2:

3dx � 4dx
�

4dy
�

dy
�

2dx � 0 whichsimplifiesto dx
�

5dy � 0 �
Sincedx anddy represent incrementson the tangent line, replacethemby x ����� 1� andy � 2 to obtainthe
equation of thetangent line:

� x � 1� � 5 � y � 2� � 0 whichsimplifiesto x
�

5y � 9 or y � ��� x
�

9�
	 5 �

2. A lampis beinglowereddown a vertical poleat a rateof 3 ft/sec.A 6 foot manstands20 feetaway from
thepole.At whatrateis theshadow of themanlengthening whenthelampis 56 feetoff theground?

Answer. Draw thediagram(seebelow); lettingx bethelengthof theshadow, andy thedistanceof thelamp
from theground. We first find therelationof x andy at any time. By similar triangles,

6
y
� x

20
�

x
whichsimplifiesto 120

�
6x � xy �

Now, as the lamp falls, x andy are functionsof time t. Sincewe want to relatethe ratesof change, we
differentiatethis expressionwith respectto t:

� 1� 6
dx
dt
� x

dy
dt
�

y
dx
dt
�

Now, whenthelampis 56 feetoff theground,thelengthof theshadow is foundby solving

120
�

6x � x � 56� giving x � 12	 5 �
Substitutingthesevalues(anddy 	 dt � � 3) into (1):

6
dx
dt
� 12

5
��� 3� � 56

dx
dt
�

whichgives dx 	 dt � 36	 250 � � 144ft/sec.
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3. Let y � � x2 � 1� � x2 � 5� . For whatvalueof x in theinterval [-2,2] is y amaximum? a minimum? Find the
pointsof inflectionof thegraph.

Answer. Let f � x � representthefunction defining y. Differentiating:

f � � x � � 2x � x2 � 5� � � x2 � 1� � 2x � � 2x � 2x2 � 6� � 4x3 � 12x �
f � � � x � � 12x2 � 12 �

Thecritical points are0 ���� 3. We mustnow evaluatethe function at theendpointsandcritical points to
find themaximum andminimum. Sincethefunction is even,we needonly checkpositivevaluesof x. Since
f � � x ��� 0 in � 0 � � 3� and f � � x ��� 0 in � � 3 � 2� , theminimum hasto beat x � � 3 (andthusalsoat x � � � 3� .
To find the maximum, we comparevaluesat the endopointsandat 0. Sincey � � 3 at the endpoints, and
y � 5 at x � 0, themaximum is at x � 0. Thepointsof inflectionareat thesolutions of f � � � x � � 0, soareat
x � � 1. Seethefigurefor agraphof thefunction.
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4. I haveto makeaclosedcylindricalcanto hold12cu. ft. Thematerialto makethetopandbottomcosts$6
a sq. ft., andthematerialto make thesidecosts$10persq. ft. Whatarethedimensions whichminimize the
cost?(It wil suffice to giveeithertheradiusof thebaseor theheight).

Answer. Let r betheradiusof thebase,andh theheight of a typicalcylinder. Weknow thatthevolumemust
beV � πr2h � 12. Now thecostis $10for the top andbottom; thatcontributes$10� 2� πr 2, and$6 for the
sides,contributing$6� 2πrh � . Thus,thetotal costis

C � 20πr2 � 6 � 2πrh � � 20πr2 � 144r � 1 �
usingtheequation πr2h � 12 to epressh in termsof r. Differentiating,

C � 40πr � 144r � 2 �
Sincewe arelooking for a minimum,we setthisequalto 0. This gives

r3 � 144
40π



sor � 1 � 046andh � 3 � 488.

5. Graph

y � x � x � 2�
x2 � 1

� x2 � 2x
x2 � 1

Youmustshow enoughwork to explain how you found thevarious featuresof thegraph.

Answer. Sincethenumeratoranddenominatorhavethesamedegree,thehorizontalasymptoteis y � 1. The
verticalasymptotesareat x � � 1. Now, differentiating:

y � �
� x2 � 1� � 2x � 2� ��� x2 � 2x � � 2x �

� x2 � 1� 2
� 2
� x2 � 1� 2

� x2 � x
�

1���

This is alwayspositive, so thegraph is alwaysincreasing. This informationsufficesto give thegraph. See
thefigure.
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