Calculusl
Final Exam, Fall 2002, Answers
1. Find the derivativesof thefollowing functiors:
a) f(x) = (X —3)?(2x+4)
Answer. f'(x) = 2(x? — 3)(2X) (2x+4) + (x> — 3)2(2) = 2(x?> — 3)(5x* + 8x— 3) .
b) g(x) = tanxsinx

Answer. ¢/(x) = seéxsinx+ tanxcosx = sinx(se¢ +1)

2. Integrate:
a) / (6x% + 1)°xdx
Answer. Letu = 6x*>+ 1, du= 12xdx. Then

/(6x2+1)5xdx= %z/u5du= %2(6x2+1)6+0.

b)/y‘:—3'2

3/2
Answer. = /y‘5/2dy= y 2

T/Z‘FC:—W—FC.

3. Findthe pointin thefirst quadantat which thetangentine to the curve 2y + 6x—y = 3 hasslopeequal
to 3.

Answer. We find the slopeat ary point by taking the differential: 4ydy + 6dx — dy = 0, giving dy/dx =
—6/(4y — 1). Setthis equalto 3 andsolve: —6 = 3(4y — 1), soy = —1/4. Putthis valuefor y in the cune
equatia andsolve for x:
1, 1 7
2(—2) +6x— (_4_1) =3 sothat x= 16
sothatthe pointin questioris (7/16-1/4)

4. Considertheregion in thefirst quadantbourdedby thecurvey = 12— %xz. Whatarethe dimensims of
thelargestrectande with sidesparallelto the coordnateaxeswhich canbeinscribedinsidethis region?

Answer. Let (x,y) bethedimensios of therectande,sothatthe areais A = xy. Sincethis pointmustbeon
the bourdary of theregion, its coordnatessatisfythe equationy = 12— (3/4)x2. Thus,we have

_ 3.2y _ 3.3
A=x(12—- 4x)_12>(—4x .

To find the maximum differentiateandsetequalto zero:

dA 9
o =12 7¢=0,



which hasthe solutionx = 4+/3/3. To find y putthisin theoriginal equdion, gettingy = 8. Thustheanswer

is (4v/3/3,8).

5. Sketchthegragh of thefunctiony = 3x* — 4x® — 12x? + 2. Find the x values of all local minima, maxma
andpoirts of inflection.

Answer. First, differentiate:
Y =123 - 12 — 24x = 12X(x? — x— 2) = 12x(x— 2) (x+ 1) .

Thusthecritical pointsareatx = —1,0, 2. Sincethefunctionis of fourth degree,it appoachest« asx leaves
the paperto theleft or to theright. Thus,we expect x = —1 to bealocal minimum, x = 0 alocal maximun
andx = 2 alocal minimum Takingthesecondderivative;

y' =36x% — 24— 24=12(3x* — 2x—2) .

Evaluaing at the critical poirts, we veiify thaty” > 0 atx = —1,2, andy” < 0 at x = 0, confirmirng our
expectations. Using the quadatic formula, the rootsarex = (1+ 1/7)/3; thesearethe pointsof inflection
The cune is concare up until x = (1 — +/7)/3, thenconcae down, andfinally conave up to the right of

X= mF‘S(rZHr%placemnts

6. Solve theinitial valueprodem: 3_3(/ =y’ y(0) =2

Answer. We separat@ariades andthenintegrate obtainirg

dy . -1 ¥
VA xdx whichintegratesto v "2 +C.

Theinitial conditiongivesusC = —1/2, sothesolutionis

-1

2
y 2

or vy

2 =1




7. Findtheareabetweerthecurvwe

_x+1
X3
andthex-axis,asx rangesfrom 1 to 4.
Answer. Theareais
PSfragreplacements 4 x4 1 4 5 3 11,4 39
Area= L dezﬁ (X + X )dXZ(—X —EX )|1:3—2

8. Find the volume of the solid obtainedby rotatingabou the y-axis the region bourded by the cunes
y=4xy=5-x,y=0.

Answer. Draw thegraph. We seethatthe bestwayto calculatethevolumeis to accunulatethevolume in the
y direction usingthemethodof washersTheinnerradiusis atx = y/4, andtheouterradiusis atx = /5,
andy rangesfrom 0 to they value of theintersectiorof thetwo curves. We solve 4x = 5— x2: the solutions
arex= —5,1, sox = lis theright value.Therey = 4x = 4. Thus,thevolume is

4 4 2 2
g g Py gy Y Yy 215
/O(nR2 g )dy_n/O G-y- =65 48)|0_ 48

9. Consideracurve given parameically by x = 4cos’t, y = 3sirft. Findthelengthof the pieceof this curve
runring fromt =0tot = 11/2.

Answer. To calculatethe elementof arclength ds, we first take differentials:
dx= —8cogsintdt , dy= 6sintcogdt,

sothat
ds? = (64cotsir’t + 36costsir’t)dt? and ds= 10costsintdt .

Thus " ,
- .

Length= 10/ cog sintdt = 105'—2t|g/2 =5.

0




10. Thesquarewith vetticesat (0,0),(1,0,(1,1),(0,1) is filled with a materialwhosedensityat the point (x, y)
is &(x,y) = X(1—x) g/cn?. Whatis themassof this objed? Whatis its mome abou they-axis?

Answer. Thedomainis thatbetweerthelinesy = 0 andy = 1, for x running from 0 to 1. Sincethemassis a
function of x alone,we canaccumiatethe masshy sweepingalongthe x-axis. We get

Mass:/olé(x)dx: /Ol(x—xz)dx: :—é :

and
1

1 1
MornXZO:/O 6(x)xdx:/0 (x2—x3)dx:1—2.

In particularthex coordnateof thecenterof masss x = 1/2. We couldhave seerthatin thebeginning, since
the densityfunction is symmetricabou theline x = 1/2.



