
Calculus I
Final Exam, Fall 2002, Answers

1. Find thederivativesof thefollowing functions:

a) f
�
x ��� �

x2 � 3� 2 � 2x � 4�
Answer. f � � x ��� 2

�
x2 � 3� � 2x � � 2x � 4��� �

x2 � 3� 2 � 2��� 2
�
x2 � 3� � 5x2 � 8x � 3�
	

b) g
�
x ��� tanxsinx

Answer. g � � x ��� sec2 xsinx � tanxcosx � sinx
�
sec2 � 1�

2. Integrate:

a)
� �

6x2 � 1� 5xdx

Answer. Let u � 6x2 � 1
 du � 12xdx. Then
� �

6x2 � 1� 5xdx � 1
12

�
u5du � 1

72

�
6x2 � 1� 6 � C 	

b)
�

dy

y5� 2
Answer. �

�
y � 5� 2dy � y � 3� 2

� 3� 2 � C � � 2

3y3� 2 � C 	

3. Find thepoint in thefirst quadrantat which thetangentline to thecurve2y 2 � 6x � y � 3 hasslopeequal
to 3.

Answer. We find the slopeat any point by taking the differential: 4ydy � 6dx � dy � 0, giving dy � dx �� 6� � 4y � 1� . Setthis equalto 3 andsolve: � 6 � 3
�
4y � 1� , soy � � 1� 4. Put this valuefor y in thecurve

equation andsolve for x:

2
� � 1

4
� 2 � 6x � � � 1

4
��� 3 sothat x � 7

16



sothatthepoint in questionis (7/16,-1/4).

4. Considertheregion in thefirst quadrantboundedby thecurve y � 12 � 3
4x2. Whatarethedimensionsof

thelargestrectangle with sidesparallelto thecoordinateaxeswhichcanbeinscribedinsidethis region?

Answer. Let
�
x 
 y � bethedimensions of therectangle,sothattheareais A � xy. Sincethis point mustbeon

theboundaryof theregion, its coordinatessatisfytheequation: y � 12 � �
3� 4� x 2. Thus,we have

A � x
�
12 � 3

4
x2 ��� 12x � 3

4
x3 	

To find themaximum, differentiateandsetequalto zero:

dA
dx

� 12 � 9
4

x2 � 0 




whichhasthesolutionx � 4 � 3� 3. To find y put this in theoriginal equation, gettingy � 8. Thustheanswer
is
�
4� 3� 3 
 8� .

5. Sketchthegraph of thefunction y � 3x4 � 4x3 � 12x2 � 2. Find thex values of all local minima,maxima
andpoints of inflection.

Answer. First,differentiate:

y � � 12x3 � 12x2 � 24x � 12x
�
x2 � x � 2��� 12x

�
x � 2� � x � 1��	

Thusthecritical pointsareatx � � 1 
 0 
 2. Sincethefunctionis of fourth degree,it approaches� ∞ asx leaves
thepaperto theleft or to theright. Thus,we expect x � � 1 to bea local minimum, x � 0 a local maximum
andx � 2 a localminimum. Takingthesecondderivative;

y � � � 36x2 � 24x � 24 � 12
�
3x2 � 2x � 2��	

Evaluating at the critical points, we verify that y � ��� 0 at x � � 1 
 2, andy � ��� 0 at x � 0, confirming our
expectations.Using thequadratic formula, therootsarex � �

1 � � 7��� 3; thesearethepointsof inflection.
The curve is concave up until x � �

1 � � 7��� 3, thenconcave down, andfinally concave up to the right of
x � �

1 ��� 7��� 3.PSfragreplacements
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6. Solve theinitial valueproblem:
dy
dx

� y2x y
�
0��� 2

Answer. We separatevariablesandthenintegrate,obtaining

dy
y2 � xdx which integratesto

� 1
y

� x2

2
� C 	

Theinitial conditiongives usC � � 1� 2, sothesolutionis

� 1
y

� x2

2
� 1

2
or y � 2

1 � x2 	



7. Find theareabetweenthecurve

y � x � 1
x3

andthex-axis,asx rangesfrom 1 to 4.

Answer. Theareais

Area �
� 4

1

x � 1
x3 dx �

� 4

1

�
x � 2 � x � 3 � dx � � � x � 1 � 1

2
x � 2 ����

4
1 � 39

32

8. Find the volumeof the solid obtainedby rotatingabout the y-axis the region bounded by the curves
y � 4x 
 y � 5 � x2 
 y � 0.

Answer. Draw thegraph. Weseethatthebestwayto calculatethevolumeis to accumulatethevolumein the
y direction, usingthemethodof washers,Theinnerradiusis atx � y � 4, andtheouterradiusis atx � � 5 � y,
andy rangesfrom 0 to they value of theintersectionof thetwo curves.We solve 4x � 5 � x 2: thesolutions
arex � � 5 
 1, sox � 1 is theright value.Therey � 4x � 4. Thus,thevolume is

� 4

0

�
πR2 � πr2 � dy � π

� 4

0

�
5 � y � y2

16
� dy � �

5y � y2

2
� y3

48
� ��

1
0 �

215
48
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9. Consideracurvegiven parametrically by x � 4cos2 t 
 y � 3sin2 t. Findthelengthof thepieceof thiscurve
running from t � 0 to t � π � 2.

Answer. To calculatetheelementof arclength, ds, we first takedifferentials:

dx � � 8cost sintdt 
 dy � 6sint costdt 

sothat

ds2 � �
64cos2 t sin2 t � 36cos2 t sin2 t � dt2 and ds � 10cost sintdt 	

Thus

Length � 10
� π � 2

0
cost sintdt � 10

sin2 t
2

��
π � 2
0 � 5 	



10. Thesquarewith verticesat (0,0),(1,0),(1,1),(0,1) is filled with a materialwhosedensityat thepoint
�
x 
 y �

is δ
�
x 
 y ��� x

�
1 � x � g/cm2. Whatis themassof this object? Whatis its moment about they-axis?

Answer. Thedomainis thatbetweenthelinesy � 0 andy � 1, for x running from 0 to 1. Sincethemassis a
function of x alone,wecanaccumulatethemassby sweepingalongthex-axis.We get

Mass �
� 1

0
δ
�
x � dx �

� 1

0

�
x � x2 � dx � 1

6
	

and

Momx � 0 �
� 1

0
δ
�
x � xdx �

� 1

0

�
x2 � x3 � dx � 1

12
	

In particularthex coordinateof thecenterof massis x̄ � 1� 2. Wecouldhaveseenthatin thebeginning,since
thedensityfunction is symmetricabout theline x � 1� 2.


