Calculusl
Final Exam, Spring 2003, Answers

1. Findthe derivativesof thefollowing functiors:

BT = siiixnjf 1
1o (sinX4+1)(cosx) — (sinx)(cosx)  cosx
Answer. () = (sinx+1)2 ~ (sinx+1)?

b) g(x) = xv/ 1+ x2

Answer. Write g(x) = x(1+ x?)1/2 andusethe productrule:

§(X) = (DAY 1 xe(143) Y22 = V142 + X _1+2e
2 Vit V1+x
2. Integrate:
a)/Xv 1+ x2dx =

Answer. Letu=1+x?, du= 2xdx. Then

/x\/1+x2dx= :—Zl/ul/zdu= %§u3/2+C= :—3L(1+x2)3/2+C.

b) / tanxsec xdx =

Answer. Letu = tanx, du= secxdx. Then

taréx

> +C.

2
/tanxse@xdx: /udu= u7+C=

3. A trough12feetlonghasatriangular crosssection.Thetriangleis 4 feetacrossatthetop and3 feetdeep.
Wateris pouiing into thetrouch atthe rateof 4 ft 3/min. At whatrateis the heigh of thewaterrising whenit
is 2 feetabove thevertex of thetriangle?

Answer. Let h betheheight of thewater andx thewidth of thetop of thewater By similartriangles,

h x 4
3=7 sothat x_gh.

3
LetV thevolumeof waterin thetrough Then
(1) v:%maa:%%m@uazm?

We aretold thatdV /dt = 4 ft3/min. Differentiating(1), we get

dv dh dh
i 16ha , sothat 4=16(2)—

dt ’
whenh = 2. Thisgivesusdh/dt = 1/8 = .125ft/min.



4. A planeheadingnorthat 480 mph passe®ver SaltLake City at 1:00pm Another plane,headhg eastat
360mphpassesver SaltLake City at 1:15pm. At whattime arethe planesclosesto eachother?

Answer. Let N(t) bethedistancefrom SaltLake of the northtbundplaneatt hours after 1:00pm, andE(t)
thatof theeastboungblaneat thattime. Then
N(t) =48, and E(t)=36Qt—.25),

sincethe eastboud planeis directly above Salt Lake a quarterhou after the norttbourd. The distance
betweertheplanesis /N2 + EZ, sowe solve our prodem by finding the minimum of

f(t) = N> 4+ E? = (480)% + (360(t — .25))?.

Differertiating,
f'(t) = 2(480)(48Q) + 2(360)((360(t — .25)) .
Settingthis equalto zero,we get

3607(.25) .
after1;00pm,soat1:05:20 pmthey areclosest.
5. Find the solutionto thedifferentialequdion
d_y _3Xx+1
dx y

suchthaty(0) = 4.

Answer. Separting variableswe obtainydy = (3x+ 1)dx. Integrating:

y?  (3x+1)2 1 )
5=~ ~TC, o y2_3(3x+1) +C.
Theinitial conditiors giveus42 = 1/3+C, soC = 47/3. Thus
_[(3x+1)2+47
= 3 .
We couldalsohave integratedthedifferertial equatia to
Y _3e .
5 = 2x +x+C;

found thisC to beC = 8, andobtairedtheanswerwhichis the same)

y=13x2+2x+16.

6. Graphy = XZL—l shawing clearlyall asymjpotesandlocal maxima andminima

Theroas of thedenoninatorare+1, sowe haveverticd asymptoteatx = —1, x=1. Forx > 1, yis positive
andtendsto zeroasx — . For x < 1,y is negaive andtendsto zeroasx — —oo. For —1 < X < 0 we have
y > 0andfor 0 < x< 1, y< 0. Thistells usabou thebehaior attheasymptoes. Now,
dy (-1 —x(20) _ -1-x
dx (-2 = (x2-1)2
for all x, sothegraph is alwaysdecreasingthereareno local maximaor minima. The graphis

<0
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7. Find theareaof theregionin thefirst quadantboundedby thecurney = x 3 — 9x°.

Answer. Draw thegraph:
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0.001 ~
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Solving the equationx® — 9x° = 0, or x3(1 — 9x?) = 0, we seethatthe region in the first quadant lies
betweerk = 0 andx=1/3,so

x* N 13 1 1

Area= [ 0C— ) dx= 9 L 1.
rea= [ 06=9)x= (7 -0 = 3G -5 =

8. Find thevolumeof the solid obtaired by rotatingthecurvey = (x+ 1) =1, 0 < x < 9 aboutthe x-axis.

Answer. Draw thegragh:



0.8 -

0.6

0.4

0.2

We usethe methal of disks:dV = my?dx. This givesus

9  dx -
Volume :n/ 9

— |_ n(l
o (x+1)2 x+1'0

10 1)=.9m.

9.Thetriande with verticesat (0,0), (1,0), (0,3 is filled with aninhomogeneas muckwhosedensityat the
point (x,y) is (x,y) = 1+ x. Whatis the massof themuck?

Answer. Theregionis thatunde the curvey = 3 — 3x for x betweer0 and1. At arny x we have dMass =
dydx = (3— 3x)(1+ x)dx = 3(1—x?)dx. Thus

1
Ma$:3/ (1—x)dx = 3(1— %) —2.
0

10. A cylindrical watertank, 8 ft. in diameterand12 feethigh hasits base50 feetabove ground level. How
muchwork is dorein filling thetankwith water?(The dersity of wateris 62.5Ibs/ft3).

Answer . Theweightof thewaterof thicknessdx atary level is 62.5(71(42)dx (sincetheradius of thetankis

4 1ft.) Theslabat heightx in thetankhasbeenraised50+ x feet. ThusdW = (62.5)(16) (50+ x)dx, andthe
total work for the 12 ft. hightankis

12 2
Work = 103/ (50+x)dx = 103(50x+ %) 2= 672,000 ft—Ibs
0



