
Calculus I
Final Exam, Spring 2003, Answers

1. Find thederivativesof thefollowing functions:

a) f
�
x ��� sinx

sinx � 1

Answer. f � � x ��� �
sinx � 1� � cosx ��� � sinx � � cosx ��

sinx � 1� 2 � cosx�
sinx � 1� 2

b) g
�
x ��� x 	 1 � x2

Answer. Write g
�
x �
� x

�
1 � x2 � 1� 2 andusetheproductrule:

g � � x ��� �
1� � 1 � x2 � 1� 2 � x

1
2

�
1 � x2 �
� 1� 2 � 2x ��� 	 1 � x2 � x2�

1 � x2
� 1 � 2x2�

1 � x2

2. Integrate:

a) � x 	 1 � x2dx �
Answer. Let u � 1 � x2 � du � 2xdx. Then

� x 	 1 � x2dx � 1
2
� u1� 2du � 1

2
2
3

u3� 2 � C � 1
3

�
1 � x2 � 3� 2 � C �

b) � tanxsec2 xdx �
Answer. Let u � tanx � du � sec2 xdx. Then

� tanxsec2 xdx ��� udu � u2

2
� C � tan2 x

2
� C �

3. A trough12feetlonghasa triangularcrosssection.Thetriangleis 4 feetacrossat thetopand3 feetdeep.
Wateris pouring into thetrough at therateof 4 ft 3/min. At whatrateis theheight of thewaterrisingwhenit
is 2 feetabove thevertex of thetriangle?

Answer. Let h betheheight of thewater, andx thewidth of thetopof thewater. By similar triangles,

h
3
� x

4
sothat x � 4

3
h �

Let V thevolumeof waterin thetrough. Then�
1� V � 1

2
xh
�
12��� 1

2
4
3

�
h � � h � � 12��� 8h2 �

We aretold thatdV � dt � 4 ft3/min. Differentiating(1), we get

dV
dt

� 16h
dh
dt

� sothat 4 � 16
�
2� dh

dt
�

whenh � 2. This givesusdh � dt � 1� 8 ��� 125ft/min.



4. A planeheadingnorthat 480mphpassesover SaltLake City at 1:00pm. Another plane,heading eastat
360mphpassesoverSaltLakeCity at 1:15pm. At whattimearetheplanesclosestto eachother?

Answer. Let N
�
t � bethedistancefrom SaltLake of thenorthboundplaneat t hours after1:00pm,andE

�
t �

thatof theeastboundplaneat thattime. Then

N
�
t �
� 480t � and E

�
t �
� 360

�
t ��� 25� �

sincethe eastbound planeis directly above Salt Lake a quarterhour after the northbound. The distance
betweentheplanes is

�
N2 � E2, sowe solveourproblemby findingtheminimumof

f
�
t �
� N2 � E2 � �

480t � 2 � � 360
�
t ��� 25�
� 2 �

Differentiating,
f � � t �
� 2

�
480� � 480t ��� 2

�
360� �
� 360

�
t ��� 25�����

Settingthis equalto zero,we get�
4802 � 3602 � t � 3602 � � 25� or t � 3602 � � 25�

4802 � 3602 ��� 09hr � 5 � 4 min

after1;00pm,soat 1:05:24 pmthey areclosest.

5. Find thesolutionto thedifferentialequation

dy
dx

� 3x � 1
y

suchthaty
�
0��� 4.

Answer. Separating variablesweobtainydy � �
3x � 1� dx. Integrating:

y2

2
� �

3x � 1� 2
6

� C � or y2 � 1
3

�
3x � 1� 2 � C �

Theinitial conditions giveus42 � 1� 3 � C, soC � 47� 3. Thus

y ��� �
3x � 1� 2 � 47

3
�

We couldalsohave integratedthedifferential equation to

y2

2
� 3

2
x2 � x � C ;

found thisC to beC � 8, andobtainedtheanswer(which is thesame)

y � 	 3x2 � 2x � 16 �
6. Graphy � x

x2 � 1
showing clearlyall asymptotesandlocalmaxima andminima.

Therootsof thedenominatorare � 1,sowehavevertical asymptotesatx ��� 1 � x � 1. For x � 1 � y is positive
andtendsto zeroasx � ∞. For x � 1 � y is negative andtendsto zeroasx ��� ∞. For � 1 � x � 0 we have
y � 0 andfor 0 � x � 1 � y � 0. This tells usabout thebehavior at theasymptotes.Now,

dy
dx

� �
x2 � 1��� x

�
2x ��

x2 � 1� 2 � � 1 � x2�
x2 � 1� 2 � 0

for all x, sothegraph is alwaysdecreasing: thereareno localmaximaor minima.Thegraphis
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7. Find theareaof theregion in thefirst quadrantboundedby thecurvey � x 3 � 9x5.

Answer. Draw thegraph:
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Solving the equationx3 � 9x5 � 0, or x3 � 1 � 9x2 � � 0, we seethat the region in the first quadrant lies
betweenx � 0 andx � 1� 3, so

Area �!� 1� 3
0

�
x3 � 9x5 � dx � � x4

4
� 9

x6

6
�#"" 1� 30 � 1

34

� 1
4
� 1

6
�
� 1

2235 �
8. Find thevolumeof thesolidobtainedby rotatingthecurvey � �

x � 1� � 1 � 0 $ x $ 9 aboutthex-axis.

Answer. Draw thegraph:
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We usethemethod of disks:dV � πy2dx. Thisgivesus

Volume � π � 9

0

dx�
x � 1� 2 � � π

x � 1
"" 90 �%� π

� 1
10
� 1�&�%� 9π �

9.Thetriangle with verticesat (0,0), (1,0), (0,3) is filled with aninhomogeneousmuckwhosedensityat the
point

�
x � y � is δ

�
x � y �
� 1 � x. Whatis themassof themuck?

Answer. Theregion is thatunder thecurve y � 3 � 3x for x between0 and1. At any x we have dMass �
δydx � �

3 � 3x � � 1 � x � dx � 3
�
1 � x2 � dx. Thus

Mass � 3 � 1

0

�
1 � x2 � dx � 3

�
1 � 1

3
��� 2 �

10. A cylindrical watertank,8 ft. in diameterand12 feethighhasits base50 feetaboveground level. How
muchwork is done in filling thetankwith water?(Thedensity of wateris 62.5lbs/ft3).

Answer. Theweightof thewaterof thicknessdx atany level is 62� 5 � π � 42 � dx (sincetheradius of thetankis
4 ft.) Theslabat heightx in thetankhasbeenraised50 � x feet. ThusdW � �

62� 5� � 16� � 50 � x � dx, andthe
totalwork for the12ft. hightankis

Work � 103 � 12

0

�
50 � x � dx � 103 � 50x � x2

2
�'"" 12

0 � 672� 000 ft � lbs�


