Calculus|
Practice Problems 4: Answers

1. Find thethe equatiorof thetangentine to thecurvey = x— x 2 at(2,7/4.

Answer. Herewe get
dy = dx+ 2x~3dx
whichleadsto

! =x—2+§(x—2)

=3

ory=(5/4)x—3/4.

2. Differertiate: y = (x? — 1) sin(x?> 4 1).

Answer.

3_3(/ = 2xsin(x* + 1) + (x® — 1) cogx% + 1)(2x) = 2x[sin(x? + 1) + (x> — 1) cogx* + 1)]

3.Find f'(x): f(x) =

Answer. Obsenre that

Then

4. Findd'(x),g"(x) : g(x) = G+ 1)%.
Answer. g'(x) = 40 +1)3(3x%) = 123 + 1)3.
g’ (x) = 24x(x3 + 1)+ 123(3) 03+ 1)%(3%)
g'(x) = (6 + 1)%[24x( + 1) + 108
g'(x) = (0 +1)2[132¢ + 24 =x (3¢ + 1) [1323 + 24]

5. Findthederiative: h(x) = (coq2x) + 1) sin(3x)

Answer. l(x) = (cog2x) + 1) cog3x)(3) + (— sin(2x)(2)) sin(3x) = 3cog3x)(cog2x) + 1) — 2sin3xsin2x.

6. Find thederiativesof thefollowing functiors:
a) f(x) = cogx



i
b) g0 = 22—

Answer. f'(x) = 2cosx(— sinx) = —2cosXSinx.

_ COSX(2sINXCOSX) — SIPX(—sinX) _ 2cog Xsinx+ sir x
B CoOZ X B CoOZ X

g'(x)

= sinx(2+tan?x) .

Alternatively, notethatg(x) = sinxtanx, andfind g’(x) = sinx(1+ seéx).

7. Find thefirst andsecondierivativesof f(x) = xy/1—x2

Answer . Rewrite usingexponentialnotation: f(x) = x(1—x?)%/2. Usethe productrule:

d 2z, 9. 2 _2\1/2
OIXx(l X°) _xdx(l X)7e+ (1) (1—x°)

Now usethechainruleto comgetethedifferentiation.Herewe taketheintermedatevariableto beu= 1—x2:

+v1-x2

d y2_ (1. a2, a2 =X
91— _x(z(l ) (2x)>+(1)(1 R

This simplifieswhenwe putbothtermsover acomma denoninator:

o2
f’(x):1 x .

1—x2

Now, we differentiateagainfor the secondderivative:

(1= 3)Y2(—4x) — (1— 23)(1/2) (1 —x3)~V2(=2¥)
1-x2

f"(X) —

Now, multiply numeratoranddenoninatorby (1 — x2)%/2:

=X+ A3 X(1-2¢)  x(2x2—3)

f”(x) (1—X2)3/2 - (1—X2)3/2 :

8. Differertiate: g(x) = (sin(3x) + 1)°>.

Answer. ¢'(x) = 3(sin(3x) + 1)?(cog3x))(3), usingthe chainrule with g(x) = u3, u= —sinv+1, v= 3x.
Simplifying, we getg’ (x) = 9cog3x)(sin(3x) + 1).

. : 1—t2
9. Differertiate: h(t) = fpwe

Answer. Startwith thequdient rule,andthensimplify:

) = 1+ (-2t) - (1-t?)(3H?)  t*—32—2
()_ (1—{—t3)2 - (1—{—t3)2




10. Differentiate: f (x) = v/2x2 — 3x+ 1.

Answer . Herewe first write f(x) = (2x* — 3x+ 1)%/2. Now with u = 2x? — 3x+ 1, we usethechainrule:

F(x) = %(sz— X+ 1)"Y2(4x—3) .

11. Find the points onthecurvey = 3x? — 3x+ 1 whosetangen line is pergendicuar to theline x + 2y = 7.

Answer. Theslopeof thegivenlineis -1/2,sothesough for tangemlinesmusthave slope2. Differentiating:
y = 6x— 3; thisis the slopeof thetangem line. We setthis equalto 2 andsolve:

6x—3=2, 6x="5, x="5/6.

Thecorrespondirg value of yis y = 3(5/6) 2 — 3(5/6) + 1 = 7/12. Theanswetthenis (5/6,7/12).

12. ConsidetthecurvesC, : X2 +y? =1, C, : 2x2+y? = 2 for y positive. For eachx, theverticd line through
(x,0) intersectshe curvesC,, C, atthe points(x,y;), (x,¥,). Let L(x) bethelengthof theline segment
joining thesetwo poirts. Find L’ (x).

Answer. From the given equatims, we find y; = vV1—x2, y, = vV2—-2 = v/2/1-x2. ThusL(x) =
Y, =Y, = (vV2—1)(1-x?)¥2. Differentiating:
(vV2-1)x

(09 = (V2- D5 (1@ 229 =~ 22K

13. Let & beanupward-opering paralmla whoseaxisis the y-axisandwhosevertex is the origin. Suppse
theline y = C intersectghe paratla in two points. Shaw thatthe tangen lines at thesepoints intersecton
theline ontheaxisof the paralmla (they-axs).

Answer. Theequatim of this pardolais y = ax? for somepositive a. Also C mustbe positive for thereto
be poirts of intersection Thesepoirts arefoundby solvingC = ax?; they are(++/C/a,C). Theslopeof the
tangenline is found by differentiating: y’ = 2ax, andsettingx = +/C/a. Wegetm= +2a,/C/a= +2v/aC.
Theequatims of thetangenlinesatthesetwo pointsarethus:

y—C y—C
———=2y/aC, ——=-2v/aC,
x—4/C/a x+/C/a
which simplify to
y=2vVaCx-C, y=-2vaCx—-C.
To find the point of intersectionof thesetwo lines, solve the equatiols simultan@usly: we must have

2v/aCx — C = —2v/aCx —C, which is possibleonly whenx = 0; so the point of intersectionis on the y-
axis.

14. Supwsethata point movesalongthe x-axis accoding to the formulax(t) = 1/(t 2+ 1). Let A(t) bethe
areaof thecircle with diamete joining theorigin to thepoirt x(t). Find A’(t) whent = 3.



Answer. Theareaof acircle of radiusr is A= rr2. Herer = x(t)/2. Thus

1 1 \%2 m —2
A =m(Z— ) == (t?+1
® ”(2t2+1> 4( +Y)

Then

Evaluaing att = 3, we find



