
Calculus I
Practice Problems 4: Answers

1. Find thetheequationof thetangentline to thecurvey � x � x
� 2 at (2,7/4).

Answer. Hereweget
dy � dx

�
2x
� 3dx

which leadsto

y � 7
4
� x � 2

� 2
8

�
x � 2�

or y � �
5� 4� x � 3� 4.

2. Differentiate: y � �
x2 � 1� sin

�
x2 � 1� .

Answer.

dy
dx

� 2xsin
�
x2 � 1� � �

x2 � 1� cos
�
x2 � 1� � 2x � � 2x � sin

�
x2 � 1� � �

x2 � 1� cos
�
x2 � 1�	�

3. Find f 
 � x � : f
�
x � � �

x
�

1� 2�
x � 1� 2

Answer. Observe that

f
�
x � ��� x � 1

x � 1 
 2 ��� 1 � 2
x � 1 
 2 �

Then

f 
 � x � � 2 � 1 � 2
x � 1 
 � � 2�

x � 1� 2 
 � � 4
x
�

1�
x � 1� 3

4. Findg 
 � x ��� g 
 
 � x � : g
�
x � � �

x3 � 1� 4.

Answer. g 
 � x � � 4
�
x3 � 1� 3 � 3x2 � � 12x2 � x3 � 1� 3.

g 
 
 � x � � 24x
�
x3 � 1� 3 � 12x2 � 3� � x3 � 1� 2 � 3x2 �

g 
 
 � x � � �
x3 � 1� 2 � 24x

�
x3 � 1� � 108x4 �

g 
 
 � x � � �
x3 � 1� 2 � 132x4 � 24x � � x � x3 � 1� 2 � 132x3 � 24�

5. Find thederivative: h
�
x � � �

cos
�
2x � � 1� sin

�
3x �

Answer. h 
 � x � � �
cos

�
2x � � 1� cos

�
3x � � 3� � � � sin

�
2x � � 2��� sin

�
3x � � 3cos

�
3x � � cos

�
2x � � 1��� 2sin3xsin2x.

6. Find thederivativesof thefollowing functions:
a) f

�
x � � cos2 x



b) g
�
x � � sin2 x

cosx

Answer. f 
 � x � � 2cosx
� � sinx � � � 2cosxsinx.

g 
 � x � � cosx
�
2sinxcosx ��� sin2 x

� � sinx �
cos2 x

� 2cos2 xsinx
�

sin3 x
cos2 x� sinx

�
2
�

tan2 x � �
Alternatively, notethatg

�
x � � sinx tanx, andfind g 
 � x � � sinx

�
1
�

sec2 x � .
7. Find thefirst andsecondderivativesof f

�
x � � x � 1 � x2

Answer. Rewrite usingexponentialnotation: f
�
x � � x

�
1 � x2 � 1� 2. Usetheproductrule:

d
dx

x
�
1 � x2 � 1� 2 � x

d
dx

�
1 � x2 � 1� 2 � �

1� � 1 � x2 � 1� 2
Now usethechainruletocompletethedifferentiation.Herewetaketheintermediatevariabletobeu � 1 � x 2:

d
dx

x � 1 � x2 � 1� 2 � x � 1
2
� 1 � x2 � � 1� 2 � � 2x ��� � �

1� � 1 � x2 � 1� 2 � � x2�
1 � x2

� � 1 � x2

Thissimplifieswhenweputbothtermsovera common denominator:

f 
 � x � � 1 � 2x2�
1 � x2

�
Now, we differentiateagainfor thesecondderivative:

f 
 
 � x � � �
1 � x2 � 1� 2 � � 4x ��� �

1 � 2x2 � � 1� 2� � 1 � x2 � � 1� 2 � � 2x �
1 � x2

Now, multiply numeratoranddenominatorby
�
1 � x 2 � 3� 2:

f 
 
 � x � � � 4x
�

4x3 � x
�
1 � 2x2 ��

1 � x2 � 3� 2 � x
�
2x2 � 3��

1 � x2 � 3� 2 �
8. Differentiate: g

�
x � � �

sin
�
3x � � 1� 3.

Answer. g 
 � x � � 3
�
sin

�
3x � � 1� 2 � cos

�
3x ��� � 3� , usingthechainrule with g

�
x � � u3 � u � � sinv

�
1� v � 3x.

Simplifying, we getg 
 � x � � 9cos
�
3x � � sin

�
3x � � 1� 2.

9. Differentiate: h
�
t � � 1 � t2

1
�

t3

Answer. Startwith thequotient rule,andthensimplify:

h 
 � t � � �
1
�

t3 � � � 2t ��� �
1 � t2 � � 3t2 ��

1
�

t3 � 2 � t4 � 3t2 � 2t�
1
�

t3 � 2 �



10. Differentiate: f
�
x � � � 2x2 � 3x

�
1.

Answer. Herewefirst write f
�
x � � �

2x2 � 3x
�

1� 1� 2. Now with u � 2x2 � 3x
�

1, weusethechainrule:

f
�
x � � 1

2

�
2x2 � 3x

�
1� � 1� 2 � 4x � 3� �

11. Find thepoints on thecurvey � 3x2 � 3x
�

1 whosetangent line is perpendicular to theline x
�

2y � 7.

Answer. Theslopeof thegivenline is -1/2,sothesought for tangent linesmusthaveslope2. Differentiating:
y 
 � 6x � 3; this is theslopeof thetangent line. We setthisequalto 2 andsolve:

6x � 3 � 2 � 6x � 5 � x � 5� 6 �
Thecorresponding value of y is y � 3

�
5� 6� 2 � 3

�
5� 6� � 1 � 7� 12. Theanswerthenis

�
5� 6 � 7� 12� .

12. ConsiderthecurvesC1 : x2 � y2 � 1 � C2 : 2x2 � y2 � 2 for y positive. For eachx, thevertical line through�
x � 0� intersectsthe curvesC1 � C2 at the points

�
x � y1 ��� � x � y2 � . Let L

�
x � be the lengthof the line segment

joining thesetwo points. FindL 
 � x � .
Answer. From the given equations, we find y1

� �
1 � x2 � y2

� �
2 � 2x2 � �

2
�

1 � x2. Thus L
�
x � �

y2 � y1
� � �

2 � 1� � 1 � x2 � 1� 2. Differentiating:

L 
 � x � � � �
2 � 1� 1

2

�
1 � x2 � � 1� 2 � � 2x � � � � �

2 � 1� x�
1 � x2

�
13. Let  beanupward-opening parabola whoseaxisis they-axisandwhosevertex is theorigin. Suppose
the line y � C intersectstheparabola in two points. Show that the tangent linesat thesepoints intersecton
theline on theaxisof theparabola (they-axis).

Answer. Theequation of this parabola is y � ax2 for somepositive a. Also C mustbepositive for thereto
bepoints of intersection.Thesepoints arefoundby solvingC � ax 2; they are

�"! � C � a � C � . Theslopeof the
tangent line is foundbydifferentiating:y 
 � 2ax, andsettingx � ! � C � a. Wegetm � !

2a � C � a � !
2
�

aC.
Theequationsof thetangent linesat thesetwo pointsarethus:

y � C

x � � C � a
� 2

�
aC � y � C

x
� � C � a

� � 2
�

aC �
whichsimplify to

y � 2
�

aCx � C � y � � 2
�

aCx � C
�

To find the point of intersectionof thesetwo lines, solve the equations simultaneously: we must have
2
�

aCx � C � � 2
�

aCx � C, which is possibleonly whenx � 0; so the point of intersectionis on the y-
axis.

14. Supposethata point movesalongthex-axisaccording to theformulax
�
t � � 1� � t 2 � 1� . Let A(t) bethe

areaof thecirclewith diameter joining theorigin to thepoint x
�
t � . FindA 
 � t � whent � 3.



Answer. Theareaof a circleof radiusr is A � πr2. Herer � x
�
t �#� 2. Thus

A
�
t � � π � 1

2
1

t2 � 1
� 2 � π

4
� t2 � 1� � 2

Then
A 
 � t � � π

4

� � 2� � t2 � 1� � 3 �
2t � �

Evaluating at t � 3, we find

A 
 � t � � π
4

� � 2� � 32 � 1� � 3 �
2
�
3��� � � 3π

1000

�


