Calculus|
Practice Problems5: Answers

1. A curweis givenby theequatim x> — xy + y? = 7. Find the equatiorof theline tangem to this curve atthe
point(2,-1).

Answer . Take thedifferential of theequaion:
2xdx —xdy — ydx+ 2ydy = 0.

At x =2, y = —1 this becomedidx — 2dy + dx — 2dy = 0, or 5dx — 4dy = 0. Along the tangem line we
replacedx anddy by x— 2 andy — (—1), giving theequatia 5(x — 2) — 4(y+ 1) = 0, or 5x — 4y = 14.

2. Find theslopeof the curve definedby therelation4(x? + xy) = 2y® — y? atthepoirt (1,2).

Answer . Differentiate: q g
y y
4 (2x+y+ x&) = (6y*—2y) o

At (1,2):
4(2+2+ g_i) = (6-22—2-2) g_i
16+43—3(/=203—;/
sog—i =1

3. Variables< andy arerelatedby theformulaxsiny+ysinx = . If dy/dt = 3whenx = 3m/2 andy = 11/2,
whatis dx/dt?

Answer . Differentiatewith respectott:

d_x dy d—ysinx-l—ycosxd—x =0.

a0t siny + Xcosy o + it 0 =
Putin thegivenvalues:

dx 3 m, . dx

E(l) + 7(0)(3) +3(-1)+ E(O)XE =0,

ordx/dt = 3.

4. Therelationcosy + x = siny deterninesa curwein thex-y plane.Find the slopeof theline tangemto the
curwe atthepoirt (1, 17/2)

Answer . Differentiate:—(siny)y’ + 1 = (cosy)y'. Substitutex=1, y=m/2: —y' +1=0. Thustheslope
isy =1.




5. Considethecurvegivenby theequation y? + xy+x? = 1. At whatpoints doesthis curve have ahorizantal
tangenline?

Answer . Differentiatewith respecto x:

dy dy _
Zyd—x +Xd—x +y+2X— 0,
sody/dx = 0 wheny+2x =0, ory = —2x. Substitutethis in the given equation (—2x) 24+ x(—2x) +x* = 1,
or 3x? = 1. Thusx = +1/+/3, andthedesiredpointsare(1/v/3,—2/v/3), (—1/v/3,2//3).

6. Considerthe curve given by the equaion: x2y —y® = 1. At what pointsdoes this curve have a vertical
tangenline?

Answer . Takingthedifferential of thedefinirg equdion we have

2xydx + x?dy — 3y>’dy =0.

Now, thetangentine is vertical at points wherethe infinitesimalcharge in x is 0; thatis dx = 0. Thuswe
have to solve x2dy — 3y?dy = 0, or x2 = 3y2. Substitutingthis in the definingequatiorwe get: 3y% —y% =1,
soy = 27%/3, andthusx? = 3(2-%3), andtheansweiis: the points

32 1 32 1

A8 AB) 0 \ TR B )
Notethatthetangem line is horizontalwhendy = 0, sowe could have solved prodem 5 usingdifferentials
aswell.

7. A shipis traveling in a circle of radius6 nauticalmiles around anislandat a speedf 10 knats. A light-
houseis 10 milesdueeastof theisland. At whatrateis the distancebetweership andlighthouseincreasiug
whentheshipis exactly duenorthof theisland?

Answer. Draw the diagrambelon, whereP is a typical positionof the ship, | is theisland,andL is the
lighthouse.

~ 10K

\9

Let s represendistancetraveled by the ship; this is the lengthof arc alongthe circle. We are given that
ds/dt = 10 nauticd miles perhour Let 8 bethe ande at| betweenthe ship’s positionandthe due east
direction Thensince“arc length= (radius)éngle)”,wehave 6 = s/6,s0d8/dt = (ds/dt) /6 = 10/6 radians



perhou. Now, usingcoordnates thepositionof the shipis (6cosf,6sin8), andthelighthowseis at (10,0).
Thus,for x the distancebetweershipandlighthouse,we have

X% = (6cosA — 10)? + (6sinB)? = 100— 120cosh .

Differertiating,
dx . .de .
ZXE = —120(—sm9)a =120(5/3)sinb .

Now, whentheshipis diredly northof theisland,6 = /2 andx = v/10? + 62 = v/136 Thus
dx _ 5/3(120)

=1 — > =8.575 knots.
dt 24/136

8. A new stadium built like a cylindercappdwith a hemisplerical domeis propsedto have a diameterof
500feet. To includeanother2000seatsthe diametemustbeincreasedy 10 feet. By appoximatelyhow
muchwill theareaof thedomebeincrease@ (Note: theareaof a sphereof radius r is 4rmr 2.)

Answer. Theareaof thedome is half theareaof the sphereso A = 27 2. Takingdifferentials, dA = 4rrdr.
Whenr = 250 if theincremenin r is dr = 10, we thenhave dA = 471(250)(10) = 31,415 sq. ft.

9. A catis walking toward a telephme pole of height30 feet. Sheis walking at a steadyrateof 4 ft/sec. A
bird is percledontop of thetelephme pole. Whenthecatis 45 feetfrom the baseof thepole,atwhatrateis
thedistancebetweerbird andcatdecreasing

Answer. Draw thefigure

30

The varialles arethe distancex of the catfrom the baseof the pole, andthe distancey of the catfrom the
bird. Thevariables arerelatedby the Pythagreantheoem: y? = x? 4 (30)2. Differentiateto relatetherates
of chang:
dy dx
Vit = at -
Now atx = 45,wefindy? = 45”4 307, soy = 15/13. Puttingthisvalue,anddx/dt = 4 ft/secin thepreceling

equatiam, we find

dy_ 12 ft/sec

dt /13




10. Wateris flowing into a conicaltankthroughanopenng atthevertex atthetopattherateof 12 cu. ft./min.
Thebaseof thetankis a circle of radius12 ft. andthe heigtt of the coneis 20 ft. At whatrateis thewater
level rising whenthewaterlevel is 4 ft. from thetop? Theformua for the volumeof a coneof baseradius r
andheigtt hisV = (1/3)7r?h.

Answer. Draw thefigure

i 12t3/min

Thevariablesaretimet, volumeof the partof the conewithout waterV, heigtt of thewatersurfacefrom the
vertex of theconeh, andradiusr of thecircle of thewatersurface.We have theequatims

1, r h
V—_mh’ 1_2—%-

Theseconcdequatim comesrom the comparsonof similartriangles.Useit to expressV in termsof h alone:

1 (3\? 3m,
V_§Tr(§h> h=22h°.

Differertiate with respecto time:

v _ o ,dh
dt 25 dt’
Now putin dV /dt =-12, h = 4 (remenber:V is thevolumeof theemptypartof thecone,andh is its dept):
9rr, dh
—-12= ﬁlBE ,

sodh/dt = —25/12m ft/min. Thusthewateris rising at therateof 25/127t ft/min.



