CalculusllI
Practice Problems 11: Answers

1. Shaw thatthegraphof the polarequationr = acosf + bsind is acircle of radits v/a2 + b? goingthrough
theorigin. Whereis its center?

Answer. Letc = v/a?+b? and 6, = arctarfb/a), sothata = ccosf, andb = csin6,. Thenthe equatio
becones
r = ¢(cosB cosf, + sinBsinf,) = ccog 6 — 6,)

whichis acirclethroughtheorigin with diameterc andcenterontheray 8 = 6,,. Thecenteiis at(1/2)(ccosf,, csing,) =
(a/2,b/2). This couldalsobe seerby multiplying the givenequatiorby r andchangim to cartesiarcoord-
natesgetting

X2 +y? = ax+ by

andthencompletirg thesquare.

2. Graphr = 3(cos8 + 1/3sind).

Answer. Following problem1, we have ¢ = 4/32+ (3v/3)2 = 6 and 6, = arctan/3 = 1/3. Thus,this s

thecircler = 6¢cog 6 — 11/3), sincearctany/3 = 71/3. Thecenteris at (3/2,3+v/3/2). For thegraph seethe
figure.

3. Whatis thepolarequatiom of anellipse,with onefocus attheorigin, vertex atthepoint (-1,0) anddirectiix
theline x= —3?
Answer. Thegenerakquatiorof suchanellipseis
. ed
~ 1—ecosf

whered is thedistancebetweerfocusF anddirectrixL , andthusd = 3; ande is the eccentricity Knowing
thevertex tellsustheeccentridty: from [VF| = e[VL| we getl = e(2), soe= 1/2. Thustheequationis

_ 3/2
r=1- (1/2)cost

4. Identify thecurve: y = 2sin(56).



Answer. Thisis thefive-pdaledrose.Thefirst petallies betweer = 0 and6 = /5 andhaslength2.

5. Graphr? = cog26). Thisis calledalemniscate.
Answer. We male thistableof thevalues:

3
6 0% § ¥
r 1 0 x 0 1

with the starindicatingthatr is not definedwhencog26) < 0. But on the otherhand whencog26) > 0,
we shoud considerthe negative squarerootaswell, for r. Finally, as6 goesfrom rrto 27T we gettheimage

reflectedn thex-axis. This gives thegraph

Ses” b o5

6. Find thelengthof the spiralr = €® from 8 = 0to 8 = 2.
Answer. Herer = €%, dr = 2e29d6. Thusds? = 4e*9d62 + *?d62, andwe have

2 2
Length = /Onds=/0 nﬁéedezg(e“"—n

7. Find thelengthof the spiralr = e~ for 8 > 0.
Answer. Herer = e 9, dr = —e9d60. Thusds? = e 29d62 + e 29d02 = 2¢29d6?, andwe have

Length = /Om ds= \/i/ow e %0 =v2lim (1-e™) = v2

8. Findtheareainsidethelimagonr = 3+ siné.
2

Area = E/ZHere— }/Zn(3+sin9)2d9— 3/
“2Jo “2Jo “2/o
19

127 1-cos(20),
E/o (+=—=2)de = .

(94 6sin@ + sin” 8)d6 =

9. Findtheareainsidethecardoid r = 1 —sin@ andabove the x-axis.



Answer. Sincethecardioidis symmetic abou they-axis,thedesiredansweiis twice theareainsidethefirst
guadant:

n/2q /2 /2
Area = 2/ Srede =/ (1—sin6)2de =/ (1—2sin@ +sir? 8)d6 =
0 0 0

/2 3 . cog20) 3
/O (5 —2sin6— 52 )do = -2

10. Whatis the slopeof thespiralr = 8 atthepoints 8 = 2rm for n a positive integer? Whatabou the spiral
r = €9 atthesamepoints?

Answer. We useequatia (15) of the notes.Sincer = 8, dr/d6 = 1, andwe have, for the slopem (of the
tangenline) of thefirst spiral:
_ 6Bcosb +sinb

M= —F————,
—60sin@ + cosO
soat @ = 2rm, we getm = 2rm. As for thelogarittmic spiral,we saw, in examge 26, thatthespiralr = e2?

makesa constah angle(whaosetangen is a) with theray from the origin. At the points 2rm, this ray is the
x-axis,andfor ourcurve a = 1; thuswe have m= 1 atall points.A calculationusing(15) corrdborateghis:

_ €9%(—sinf +cosB)
~ eY(cosB + sind)

=tan(0 — 11/4) .



