
Calculus II
Practice Problems 2: Answers

1. Solve theinitial valueproblem:
4y
���

3y � ex � y � 0��� 7 �
Answer. First solve thehomogeneousequation, which canbewritten asdy 	 y ��
�� 3	 4� dx, which hasthe
solutiony � Ke �� 3� 4� x. We try y � ue �� 3� 4� x in theoriginal equation. Theleft handsideis

4y
� �

3y � 4 � ue �� 3� 4� x � � � 3ue �� 3� 4� x � 4u
�
e �� 3� 4� x 
 3ue �� 3� 4� x � 3ue �� 3� 4� x � 4u

�
e �� 3� 4� x �

sotheoriginal equation, in termsof u is

4u
�
e �� 3� 4� x � ex or u

� � 1
4

e � 7� 4� x �

whichhasthesolution

u � 1
7

e � 7� 4� x � C sothat y ��� 1
7

e � 7� 4� x � C � e �� 3� 4� x � 1
7

ex � Ce �� 3� 4� x �

Theinitial conditiongivesC � 48	 7, andthesolutionis y ��� 1	 7��� e x
�

48e �� 3� 4� x � .

2. Solve theinitial valueproblem:
xy
� 
 3y � x2 � y � 1��� 4 �

Answer. First solve thehomogeneousequation: xy
� 
 3y � 0:

dy
y
� 3

dx
x

sothat lny � 3lnx
�

C �

whichgives usy � Kx3. Now try y � ux3 andsolve for u. Theleft handsideof theoriginal equationis

xy
� 
 3y ��� ux3 � � 
 3ux3 � x � u � x3

�
3ux2 ��
 3ux3 � x4u

� �
Sowe have to solvex4u

� � x2, or u
� � x  2, so

u ��
 1
x

�
C sothat y ����
 1

x

�
C � x3 � Cx3 
 x2 �

Theinitial valuesgive4 � C 
 1, soC � 5, andoursolutionis

y � 5x3 
 x2 �

3. If I invest $ 8,000at 12.5percent peryear(compoundedcontinuously)in how many yearswill my invest-
mentbeworth$ 30,000?

Answer. Theamount I have after t years is givenby P � t ��� P0ert whereP0 � 8000andr ��� 125. Now for
my problem,I wantto find t suchthatP � t ��� 30000. So,we mustsolve

30000 � 8000e ��� 125� t

for t. We get � 125t � ln � 30	 8��� 1 � 3218, sot � 1 � 3218	�� 125 � 10� 57years.



4. At whatrate(continuouslycompounded)shouldI invest$10,000soasto have$14,000in fiveyears?

Answer. Herewehavethesameequation: P � t ��� P0ert , butwhatis givenis P0 � 10000 � t � 5 � P � 5��� 14000,
andweareaskedto find r. We solve

14000 � 10000e5r �
obtaining 5r � ln1 � 4, or r ��� 3365	 5 ��� 0673, sotherateshouldbe6.73%.

5. Thehalf-life of Rossidium312 is 4,801 years.How longwill it take for amassof Rossidium312 to decayto
98% of its original size?

Answer. This is oncemorea growth/decayproblem, so the relevant equation is P � t ��� P0ert . We haven’t
beengiventherater, but we aretold thehalf life. Sofirst, we usethat informationto find r, by solvingthe
basicequationwith P0 � 1 � t � 4801 � P � t � ��� 5 : � 5 � e4801r , sor � ln �!� 5�"	 4801 ��
 1 � 44 # 10  4. Now,
we wantto solve for t, with P � t ����� 98:

� 98 � e  1 � 44$ 10% 4t �
giving

t � ln � 98

 1 � 44 # 10  4 � 140years�

6. According to Newton’s Law of Cooling, if a hot object is immersedinto a cool environment, therateof
decreaseof the temperatureof the objectis proportional to the differencein the temperatureof the object
andits environment. If, then,h � t � is thetemperature of theobjectat time t, andT0 is thetemperatureof the
environment, Newton’s law says

� 1� dh
dt

�&
 k � h � t ��
 T0 � �

wherek is thecoefficient of cooling. Supposethata bodyat 95 ' Celsiusis immersedin a waterbathheld
at5' Celsius,andthecoefficientof coolingis k �(� 08.Whatwill bethetemperatureof thebody in 10minutes?

Answer. Giventheabove information,we haveto solve theinitial valueproblem

dh
dt

��
)� 08� h 
 5� � h � 0��� 95 �

andfind thevaluewhent � 10. First we separatevariables:

dh
h 
 5

�&
)� 08dt

andintegratebothsides:
ln � h 
 5����
)� 08t

�
C

andthenexponentiate:h � 5
�

Ke �� 08t . Theinitial condition tells uswhatK is: 95 � 5
�

K, soK � 90,and
theequationis h � 5

�
90e �� 08t . At t � 10,weobtainh � 5

�
40� 44 � 45� 44' .



7. Supposethat I wish to make icedteaof teaat theboiling point, to beconsumedin threeminutes. To get
theteaascoldaspossible,shouldI put in anicecubeimmediately, or just before thethreeminutesareup?

Answer. According to equation(1) in problem6, therateof decreaseof temperature is proportional to the
differenceof thetemperatureof theobject andthetemperature of theenvironment,sowe canexpectlargest
rateof coolingwhentheteais hottest.This suggeststhatwe should cool theteadown first, andthenaddthe
ice cube.

To illustratethis, let’s compare the two processes,assumingthat the effect of addingan ice cubeis to
dropthetemperatureby 20%,andthatthecoefficient of cooling is k �&� 3. Weassumetheteais at theboiling
point (100' ), andtheroomis at 15' . Following theargumentfor problem6, thesolutionto thedifferential
equation (1) is

� 2� h � t ��� T0

� � Ti 
 T0 � e  kt �
whereTi is theinitial temperature of thehotobject.

Now, in thefirst case,we put in the ice cubefirst, dropping the temperatureof the teato 80 ' . Then(2)
takesover, so

h � 3��� 15
� � 80 
 15� e *� 3 � 3� � 41� 42' �

In thesecondcase,natural coolingleadsto thetemperature

h � 3��� 15
� � 100 
 15� e �� 3 � 3� � 49� 56 ' �

which drops by 20%by addingtheice cube,to a temperatureof 39.64 ' . Not a big difference,but enough to
substantiatetheconclusion.

8. A lakecontaining 300,000acre-feetof waterhas20%salinity. Clearwaterflows in from rivers,andoutat
a dam,bothat therateof 4,000acre-feet perday. In how maydayswill thesalinitybereducedto 10%?

Answer. Let S � t � betheamount of salt in thelake at time t. Initially we haveS � 0����� 2 � 300��� 60 thousand
acre-feet of salt.On dayt, thefractionof salt in thelake is S � t �+	 300,sotheamountof salteliminatedin that
dayis ∆S ��� S 	 300��� 4� thousandacre-feet. This gives usthedifferentialequationfor theamount of salt in
thelake:

dS ��
 4
300

Sdt �&
)� 0133Sdt �
Thesolutionis S � t ��� Ke �� 0133t , andtheinitial conditiongivesK � 60. Whenthelake has10%salinity, we
haveS � t ��� 30. Thusthetimeat whichwe have10%salinity is thesolutionof

30 � 60e ,� 0133t

sothatt � ln � 1	 2�+	-�!
)� 0133��� 52� 12days.

9. A pond is in theform of a cylinder of radius100ft. anddepth8 ft. Waterflows into thepondat therate
of 100cu. ft./hr andseepsinto thegroundthrough theporousbottomat a rateproportional to thevolume,
wheretheconstantof proportionality is .0005. Whatis themaximumheightof waterin thepond thatcanbe
achieved? If thewaterlevel in thepondis 2 feetat time t= 0, whatis theheight after1000days?

Answer. Let W � t � betheamount of waterin thepondat time t, measuredin cubicfeet.Takinginto account
boththeinflow andtheseepage,wehave thedifferentialequation

dW
dt

� 100 
.� 0005W �



Now, sincetheproblemis abouttheheight of thewaterin thepond,wechangeto thevariable h � t � , theheight.
UsingV � πr2h, theformula for thevolume of a cylinder, andr � 100,we haveW � 104πh. This givesthe
differentialequationfor h:

� 3� 104π
dh
dt

� 100 
/� 0005� 104π � h � 100 
 5πh �
The maximum height is attainedwhenh

� 
 0, or 100 
 5πh � 0, so is h � 6 � 37 feet. Now, for the second
question, wehave to solve (3). Separatingvariables,we get

dh
5πh 
 100

��
 1
104π

dt �

leadingto thesolution
1

5π
ln � 5πh 
 100����
 t

104π
�

C

whichwecanrewrite as
ln � 5πh 
 100���&
)� 0005t

�
C �

Exponentiating, weget

h � 100
5π

�
Ke ,� 0005t � 6 � 37

�
Ke *� 0005t �

Theinitial conditionh � 2 whent � 0, finally gives

h � 6 � 37 
 4 � 37e �� 0005t �
Now substitutet � 1000, andobtainh � 6 � 37 
 4� 37e ,� 5 � 3 � 719feet.

10. Waterflows into anelasticball at a rateof 4 cu. in/minute. Theball hasa punctureout of which water
flows at a rateproportional to thevolume of waterin theball, wheretheconstantof proportionality is .02.
Assumingtheball is emptyat thebeginning, how muchwateris in theball after20minutes?

Answer. LettingW � t � betheamount of waterin theball, thedatagiventells usthattherateof change of W
is givenby thedifferentialequation

dW
dt

� 4 
0� 02W �
ThiscanberewrittenasdW 	-�!� 02W 
 4���&
 dt which integratesto

1
� 02

ln �!� 02w 
 4���&
 t
�

C �

which integratesto � 02W 
 4 � Ke ,� 02t . Sincetheball is emptyat thebeginning, W � 0 whent � 0, we find
K ��
 4, andfinally we have

W � 4
� 02

� 1 
 e ,� 02t �1�
Now at t � 20,we obtain

W � 200� 1 
 e �� 4 ��� 65� 93cu� in �


