
Calculus II
Practice Problems 4: Answers

1. Integrate
���

lnx � 2dx.

Answer. We integrateby parts,usingu � �
lnx � 2 � du � 2lnxdx � x � dv � dx � v � x :� �

lnx � 2dx � x
�
lnx � 2 � 2

�
lnxdx �

As we saw in example9 (anotherintegrationby parts):�
lnxdx � x lnx � x 	 C � so

�
1� � �

lnx � 2dx � x
�
lnx � 2 � 2

�
x lnx � x �
	 C �

2. Integrate
�

x2 lnxdx.

Answer. Let u � lnx � du � dx � x � dv � x2dx � v � x3 � 3 :

�
x2 lnxdx � x3

3
lnx � �

x2

3
dx � x3

3
lnx � x3

9
	 C �

3. Integrate
�

arccosxdx.

Answer. Let u � arccosx � du � � dx ��� 1 � x2 � dv � dx � v � x :�
2� �

arccosxdx � xarccosx 	 �
x

� 1 � x2
dx �

This lastwe integrateby thesubstitutionw � 1 � x2 � dw � � 2xdx :�
x

� 1 � x2
dx � � 1

2

�
w 
 1� 2dw � � w1� 2 	 C �

Puttingthisbackin (2) weobtain�
arccosxdx � xarccosx ��� 1 � x2 	 C �

4. If theregion in thefirst quadrantboundedby thecurvesy � 1, y � e x andx � 1 is rotatedabout they-axis,
whatis thevolumeof theresultingsolid?

Answer. Theregionis drawn in figure1. Onecansweepout thevolumein they-direction,usingthemethod
of washers,or in thex direction, usingthemethod of shells.
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Figure1

Washers.Here,sweepingin the y direction, the differential of volume is dV � π
�
R 2 � r2 � dy. The larger

radiusis R � 1, andthesmallerradiusis r � lny. Thus

Volume � π
� e

1

�
1 � �

lny � 2 � dy � π
�
y � y

�
lny � 2 	 2y lny � 2y ���� e1

usingthesolutionto problem1 above (equation(1)). Then

Volume � π
�
e � e 	 2e � 2e � �

1 � 2����� π �
Shells.Now, we sweepout alongthex-axis,andthedifferential of volumeis dV � 2πrhdx. Theradius is x,
andtheheight of theshell is ex � 1. Thus

Volume � 2π
� 1

0
x
�
ex � 1� dx � 2π � xex � ex � x2

2 � �� 10
usingtheformulaobtainedin example5 of theNotes.We get

Volume � 2π
�
e � e � 1

2
� �

0 � 1����� π �

5. Integrate
�

sec3 xdx.

Answer. First,we usetheidentity sec2 x � 1 	 tan2 x:�
3� �

sec3 udu � ���
tan2 x 	 1� secxdx � �

tan2 xsecxdx 	 �
secxdx �

The last integral wascomputed in example 3 of the notes,so we concentrateon the first integral. If we
write tan2 xsecxdx � tanx

�
secx tanx � dx, thenwe canintegrateby partswith thesubstitutionu � tanx � du �

sec2 xdx � dv � secx tanxdx � v � secx. Then�
tan2 xsecxdx � secx tanx � �

sec3 xdx �



It appearswe’rebackwherewe started,but notexactly. Substitutethis in (3) to get:�
sec3 udu � secx tanx � �

sec3 xdx 	 �
secxdx �

Moving thesecondtermto theleft handside,anddividing by 2, we havetheresult�
sec3 udu � 1

2

�
secx tanx 	 �

secxdx ��� 1
2

�
secx tanx ��	 1

4
ln

�
1 	 sinx
1 � sinx

��	 C �
Incicentally, theexpressionfound in example 3of theNotesfor � secxdx is nottheusualone,but is equivalent
to theformulafound in mostintegral tables:�
4� �

secxdx � ln � secx 	 tanx ��	 C �
usingthissequenceof identities:

ln
�
1 	 sinx
1 � sinx

��� ln
� �

1 	 sinx � 2
1 � sin2 x

��� ln
�
1 	 sinx

cosx
� 2

� 2ln � 1 	 sinx
cosx

��� 2ln � secx 	 tanx ���
Finally, this givestheanswerto ourproblem:�
5� �

sec3 udu � 1
2

�
secx tanx 	 ln � secx 	 tanx � ��	 C �

6. Integrate(a)
� �

x 	 1� dx
x
�
x 	 3� (b)

� �
x 	 1� dx

x2
�
x 	 3�

Answer. For part(a),weseekconstants A � B suchthat�
x 	 1�

x
�
x 	 3� � A

x
	 B

x 	 3
�

Put theright handsideover a common denominatorandequatenumerators,gettingx 	 1 � A
�
x 	 3��	 Bx.

Now substitutingx � 0, we get1 � 3A, soA � 1� 3. Substitutex � � 3 to get � 3 	 1 � B
� � 3� , soB � 2� 3.

Thus � �
x 	 1� dx
x
�
x 	 3� � 1

3

�
dx
x

	 2
3

�
dx

x 	 3
� 1

3

�
lnx ��	 2

3
ln

�
x 	 3��	 C � 1

3
ln

�
x
�
x 	 3� 2 ��	 C �

For part(b), we seekconstants A � B � C suchthat

x 	 1
x2

�
x 	 3� � A

x
	 B

x2 	 C
x 	 3

�
Puttheright handsideoveracommon denominatorandequatenumerators,gettingx 	 1 � Ax

�
x 	 3��	 B

�
x 	

3��	 Cx2. Now substitutingx � 0, we get1 � 3B, soB � 1� 3. Substitutex � � 3 to get � 3 	 1 � C
�
9� , so

C � � 2� 9. Thatusesup theroots, soto find A we have to equatecoeffiecients.Equatingthecoefficientsof
x2 weget0 � A 	 C, soA � 2� 9. Now, we canintegrate:

� �
x 	 1� dx

x2
�
x 	 3� � �

2� 9
x

dx 	 �
1� 3
x2 dx � �

2� 9
x 	 3

dx � 2
9

lnx � 1
3

x 
 1 � 2
9

ln
�
x 	 3�
	 C �

7. Integrate
�

dx�
x � 1� � x 	 2� 2 .



Answer. We seekconstantsA � B � C suchthat

1�
x � 1� � x 	 2� 2 � A

x � 1
	 B

x 	 2
	 C�

x 	 2� 2 �
Put theright handsideover a common denominatorandequate numerators,getting1 � A

�
x 	 2� 2 	 B

�
x �

1� � x 	 2��	 C
�
x � 1� . Substitutex � 1: 1 � A

�
9� , soA � 1� 9. Substitutex � � 2: 1 � C

� � 3� , soC � � 1� 3.
Now equatecoefficientsof x2 : 0 � A 	 B, soB � � 1� 9. Thus

�
dx�

x � 1� � x 	 2� 2 � � �
1� 9� dx
x � 1

�
�
1� 9� dx
x 	 2

� � �
1� 3� dx�
x 	 2� 2 �

� 1
9

ln
x � 1
x 	 2

	 1
3

�
x 	 2� 
 1 	 C �

8. Integrate
� �

x2 � 1� dx�
x2 	 1� � x 	 3� .

Answer. We seekconstantsA � B � C suchthat

x2 � 1�
x2 	 1� � x 	 3� � A

x2 	 1
	 Bx

x2 	 1
	 C�

x 	 3� �
Puttherighthandsideoveracommondenominatorandequatenumerators,gettingx 2 � 1 � A

�
x 	 3�!	 Bx

�
x 	

3�"	 C
�
x2 	 1� . Substitutex � � 3 to get

� � 3� 2 � 1 � C
��� � 3� 2 	 1� , giving C � 4� 5. To find A andB we

mustequatecoefficients.For theconstanttermthis gives � 1 � 3A 	 C, soA � � 3� 5. Equatingcoefficients
of x gives us0 � A 	 3B, soB � � A � 3 � 1� 5. Thus

� �
x2 � 1� dx�

x2 	 1� � x 	 3� � � 3
5

�
dx

x2 	 1
	 1

5

�
xdx

x2 	 1
	 4

5

�
dx

x 	 3

� � 3
5

arctanx 	 1
10

ln
�
x2 	 1��	 4

5
ln

�
x 	 3��	 C �

9. Integrate
�

x2dx

� 9 � x2
.

Answer. We usethesubstitutionindicatedin figure2. Then

x � 3sinu � dx � 3cosudu � � 9 � x2 � 3cosu �

PSfragreplacements

3

� 9 � x2

x

u

Figure2



Theintegral becomes �
xdx

� 9 � x2
� � �

9sin2 u � � 3cosudu �
3cosu

� 9
�

sin2 udu �
This integral requiresthehalf-angleformula; usingthatweobtain:�

sin2 udu � 1
2

� �
1 � cos

�
2u �#� du � 1

2

�
u � 1

2
sin

�
2u ����	 C �

so �
xdx

� 9 � x2
� 9

2

�
u � 1

2
sin

�
2u ��	 C �

Now, to expressthis in termsof x, we needthedouble angleformulasin
�
2u ��� 2sinucosu, giving finally:

�
xdx

� 9 � x2
� 9

2

�
arcsin

x
3

� x � 9 � x2

9
�
	 C �

10. Integrate
�

x2dx

� 9 	 x2
.

Answer. We usethesubstitutionindicatedin figure3.
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Then
x � 3tanu � dx � 3sec2 udu � � 9 	 x2 � 3secu �

andtheintegral becomes�
x2dx

� 9 	 x2
� � �

9tan2 u � � 3sec2 udu �
3secu

� 9
�

tan2 usec2 udu �
We calculatethis integral by parts:v � tanu � dv � sec2 udu � dw � secu tanudu � w � secu:�

tan2 usec2 udu � tanusecu � �
sec3 udu

� tanusecu � 1
2

�
secu tanu 	 ln � secu 	 tanu � �
	 C � 1

2

�
secu tanu � ln � secu 	 tanu � �
	 C �

Resubstitutingback, to getanexpressionin termsof x:�
x2dx

� 9 	 x2
� 9

2

� � 9 	 x2

3
x
3

� ln � � 9 	 x2

3
	 x

3
� ��	 C � or

�
x2dx

� 9 	 x2
� 1

2
x � 9 	 x2 � 9

2
ln � x 	 � 9 	 x2 ��	 C �


