CalculusllI
Practice Problems 4: Answers

1. Integrate / (INx)2dx.
Answer. We integrateby parts,usingu = (Inx)2, du = 2Inxdx/x, dv=dx, v=x:

/(Inx)zdx: x(Inx)? — 2/Inxdx .
As we sav in example9 (andherintegration by parts):

/Inxdx: xInx—x+C, so

(1) /hn@%x:xmmf—zumx—m+c.

2. Integrate / X2 Inxdx.

Answer. Letu= Inx, du = dx/x, dv=x2dx, v=x3/3:

3 2 3 3
2 = X [ Zax= Einx X
/x Inxdx = 3Inx /3dx_ 3Inx 5 +C.

3. Integrate / arccosdx.
Answer. Letu = arccox, du= —dx/v1—x%, dv=dx, v=x:

X
2 / arccosdx = xarccosc+ / ———dx.
2 T

This lastwe integrate by the substitutionw = 1 — x2, dw = —2xdx :

X I N Y
/ﬁdx_—z/w dw=-w’“+4+C.

Puttingthis backin (2) we obtain

/ arccoxdx = xarccox— /1 —x24+C.

4. If theregion in thefirst quadantbourdedby thecurvesy = 1, y = eX andx = 1is rotatedabou they-axis,
whatis thevolumeof theresultingsolid?

Answer. Theregionis dravnin figure1. Onecansweepoutthevolumein they-direction, usingthe methal
of washersor in thex direction usingthemethal of shells.
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Washers.Here, sweepingn they directian, the differential of volume is dV = m(R? —r?)dy. The larger
radiusis R= 1, andthesmallerradiusisr = Iny. Thus

e
Volume =t [ (1~ (Iny)2)dy = rly—y(iny)?+2yIny - 2) ;
usingthesolutionto prablem1 above (equation(1)). Then
Volume = n(e—e+2e—2e—(1-2))=rr.

Shells.Now, we sweepout alongthe x-axis,andthe differential of volumeis dV = 2rrhdx. Theradiusis x,
andtheheigtt of theshellis e — 1. Thus

1 2
Volume = 2n/ x(€" — 1)dx = 2m{xe* — & — %] |(l)
0
usingtheformula obtainedn example5 of the Notes.We get

1
Volume = 2m(e—e— 5 (0—1)=r.

5. Integrate / seCxdx.
Answer. First,we usetheidertity se@x = 1+tarfx:

(3) /se@ udu = /(tar?x+ 1) secxdx = /tan2 xseoxdx + /secxdx :
The last integral was compued in examge 3 of the notes,so we concentate on the first integral. If we
write tar? xsecxdx = tanx(secxtanx)dx, thenwe canintegrateby partswith the substitutionu = tanx, du=

seéxdx, dv = sextanxdx, v= sex. Then

/tanzxsecxdx: secxtanx — /seéxdx.



It appearsve’re backwherewe started put notexactly. Substitutethisin (3) to get:
/ secudu = secxtanx — / seCxdx+ / sexdx .

Moving thesecondermto theleft handside,anddividing by 2, we have theresult

1+sinx
1—sinx

)+C

/ secudu= %(seodaner / sexdx) = %(seoaanx) + % In(

Incicertally, theexpressionfound in exampe 3 of theNotesfor [ secxxdxis nottheusualone,butis equivdent
to theformulafound in mostintegrd tables:

4 /secxdx =In|sex+tanx|+C,

usingthis sequencef identities:

1+ sinx (14 sinx)? 1+dnx,,
In . =In =In
(1—S|nx) ( 1—sin2x) ( COSX )
1+ sinx
=2in|= + =7 | = 2In|secc-+ tanx|.

Finally, this givestheansweito our problem.

(5) /seéudu: %(seatanx+|n|seo<+tanx|) +C.
(x+1)dx
6. Integrate(a)/ X (b )/X2 3

Answer. For part(a),we seekconstats A, B suchthat

x+1) A B

X(x+ 3) =X x¥3

Putthe right handside over a comnon denoninator andequatenumerators gettingx+ 1 = A(x+ 3) + Bx.
Now substituting« = 0, we get1 = 3A, soA = 1/3. Substitutex= —3toget—3+ 1= B(—3), soB=2/3.

Thus 1d q ) 1
/ x+3 3/ 3/x+3 =(Inx) + 3In(x+3)+C_ 3In(x(x+3) )+C.
For part(b), we seekconstats A, B, C suchthat

x+1 _A B C
X(x+3)  x X x+3°

Puttheright handsideoveracomma denaninatorandequae numeators gettingx+ 1 = AX(x+ 3) + B(x+
3) +Cx?%. Now substitutingx = 0, we get1 = 3B, soB = 1/3. Substitutex = —3 to get—3+ 1 = C(9), so
C = —2/9. Thatusesuptherods, soto find A we have to equatecoefiedents. Equatingthe coeficientsof
x° weget0O=A+C, soOA= 2/9. Now, we canintegrate:

oD _ 200, (Mg, [ 2095, 2y Lon 2
/x2(x+3)_ de+ dex i3 x_glnx X 9In(x+3)+C.

dx

7. Integrate/ m



Answer. We seekconstant®\, B, C suchthat

1 _ A, B, C
(x—1D(x+2)2 x—1 x+2 (x+2)?2

Putthe right handside over acomma denaninatorandequae numeraors, gettingl = A(x+2) 2 + B(x—
1)(x+2) + C(x—1). Substitutex=1: 1 = A(9), soA= 1/9. Substitutex = —2: 1 = C(-3), soC = —-1/3.
Now equatecoeficientsof x?: 0= A+ B, soB= —1/9. Thus

/(X 1dX _/(1/9)dX_ (1/9)dx_/(1/3)dX:

-)(x+22 J x-1 X+ 2 (x+2)?
1 o x-1 1 1
_gl +2+3( +2)7"+C.
(x2 — 1)dx
8. Int ratefi.
0 0@+ 1)(x+3)

Answer. We seekconstant®\, B, C suchthat

x> -1 A N Bx N C
(+1)(x+3) *X¥+1 x2+1 (x+3)°

Puttheright handsideoveracommondenaninatorandequatenumeators,gettingx > — 1 = A(x+ 3) + Bx(x+
3) +C(x? + 1). Substitutex = —3 to get(—3)?> — 1= C((—3)?+ 1), giving C = 4/5. To find A andB we
mustequatecoeficients. For the constantermthis gives—1 = 3A+C, soA = —3/5. Equatingcoeficients
of x givesusO=A+3B,soB=—-A/3=1/5. Thus

/(2 1)dx 1 xdx +4_1 dx
R+ (x+3) 5 x2+1 5/ x+1 5/ x+3

3 1, ., 4
= —_—— t _— u— .
z arctanc+ 10In(x +1)+ 5In(x+3) +C

x2dx
9. Int rate/i.
% 9_ X2 . . . . . .
Answer. We usethe substitutionindicatedin figure2. Then

X = 3sinu, dx=3cosudu, 1/9—x2=3cosu.

2

V9—x2
Figure2



Theintegral becones

xdx (9sir? u) (3cosudu) .
o - T = 9/S|r12udu.

Thisintegral requresthe half-engleformua; usingthatwe obtain:

/sinzudu: %/(1—003(2u))du: %(u— %sin(Zu))+C,

SO
xdx 9 1.
\/ﬁ = E(U— §S|n(2U) +C .

Now, to expressthis in termsof x, we needthe double angleformulasin(2u) = 2sinucosu, giving finally:

xax 9 X XV9-—x2

arcsin. —- ——)+C.

,/—9_x2_§( 3 9

2
10. Intmrate/ﬂ.

X
Answer. We usethe substitutionindicatedin figure 3.

9+ x2

v

3
Figure3

Then
x = 3tanu, dx=3secudu, /9+x2 = 3sea,

andtheintegral becones

x2dx (9tar? u)(3sec udu)
Norecha soq = 9/tanzuse8 udu.

We calculatethis integral by parts:v = tanu, dv = secudu, dw = seautanudu, w = seau:

/ tarf usec udu = tanusea — / secudu

1 1
= tanuseau — i(secutanu-i- In|seau+tanu|) +C= E(sewtanu —In|seau+tanu|) +C

Resubstitutindgpack to getanexpressionn termsof x:

x2dx _9( 9+ x2 §_| |\/9+X2+§|)+C o
Vo+rxe 20 3 ’

3
xdx 1 9
2 /9 - /912
ol 5% 9+x 2In|x+ 9+ x| +C.




