
Extra problems for Homework 1.

Let f : C −→ C be a complex valued function. Recall that we have defined
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Let g : C −→ C be another complex valued function and define h to be the composition
h = f ◦ g.

1. Show that hz(w) and hz(w) only depend on gz(w), gz(w), fz(g(w)) and fz(g(w)).
(Hint: Why does a similar statement hold for the partial derivatives of h with
respect to x and y?)

Solution: Both hz(w) and hz(w) are determined by hx(w) and hy(w). By the
chain rule these are both functions of gx(w), gy(w), fx(g(w)) and fy(g(w)). Since
gx(w) = gz(w) + gz(w), gy(w) = ı(gz(w)− gz(w)), fx(g(w)) = fz(g(w)) + fz(g(w))
and fy(g(w)) = ı(fz(g(w)) − fz(g(w))) we get that hz(w) and hz(w) are function
of gz(w), gz(w), fz(g(w)) and fz(g(w)).

2. Show that:

(a) hz = (fz ◦ g)gz + (fz ◦ g)gz

(b) hz = (fz ◦ g)gz + (fz ◦ g)gz

(Hint: Use (1) to reduce the calculation to the special functions f(z) = az + bz
and g(z) = cz + dz.)

Solution: Let f̂(z) = fz(g(w))z + fz(g(w))z and ĝ(z) = gz(w)z + gz(w)z. Note
that fz(g(w)) = f̂z(g(w)), fz(g(w)) = f̂z(g(w)), gz(w) = ĝz(w), gz(w) = ĝz(w).
Therefore, by problem 1, if ĥ = f̂ ◦ ĝ then hz(w) = ĥz(w) and ĥz(w) = ĥz(w).

Calculating the composition we see that

ĥ(w) = fz(g(w))(gz (w)z + gz(w)z) + fz(g(w))(gz(w)z + gz(w)z)
= (fz(g(w))gz(w) + fz(g(w))gz(w)))z + (fz(g(w))gz(w) + fz(g(w))gz(w)z

and therefore

hz(w) = ĥz(w) = fz(g(w))gz(w) + fz(g(w))gz(w))

and
hz(w) = ĥz(w) = fz(g(w))gz(w) + fz(g(w))gz(w).
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