
 



Group ACTIONS let X be a simply connected

topological space Then the set of self
homeomorphisms homeo X is a group
with group operation composition

1 f.ge home X1 log c Lone CH

21 If id y is the identity rap her

idehoneoCH foid idof f V fc homea.hn
9 If fehoneolx her f c home X

f of f of id
41 Composition is associative ogfh fo goh

A subgroup GchomeoCH is a group
action on X let

G g EX Saget will get y
be the G orbit of xeX We define

x gy if they are in the sane
G orbit and let Xtra with the
quotient topology

1 Xrax since id C G aid idCxi x
2 Kray y aX since if y SCH

for gc G th g C G g ly
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hog C G 2 hogCH

G is a deck action if every xeX
has a nbd U Sud UngCUI 4 if g id

LEMMA If Gchoneo X is a deck
action the quotient nap g Xk
is a covering map
Proof Sire G is a deck action for every
VEX 3 a nbd U s t Unsutof
if g id Note that U su are honeonorphic

since ay honeo restricted to a subspace is a

homeomorphism onto its image Furthermore qCu7
is a nbd of quae Xk since quotient
maps are open The glut is an evenly

covered nbd of qCx7 since
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is a partition of g g lull into open
sets q restricted to gChl is
a homeomorphism to glut



THEOREM If C Chromeo X is a deck action

IT CHG WE G

PROOF We define a homomorphism

T.ly G xo7 iG

Fix an x C g xD CX For f C IT Xk
let I b.is X be the unique loft
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is well defined
f 43

Need hT1l Fett
we saw if file IT Bso L

fat htt

gfx7 ICH

is a homomorphism
If II Lose IT Yahoo wite T.li he lifts
of fin at Fca fiCol I

If 4kt _g her te lift fTh of f h
with fxThCd x is I goli
If 0641 9 then g TCH

Then I gook 117 95567 go.g.CI so
Ef h go g 46ft od 43

is injective
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this happens iff It 9 IT X x Eid



is surjective
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Homework 4

Due Wednesday, Feb. 24th

Answers should be written in LATEX.

Assume that
p : E ! B

is a covering space and E is simply connected. Let b0 2 B and e0 2 p�1(b0)⇢ E
be basepoints.

1. Let e1 2 p�1(b0). Show that that there is a lift of the map of pairs

p : (E,e1)! (B,b0).

That is show that there exists a map

p1 : (E,e1)! (E,e0)

with p� p1 = p and p1(e1) = e0.

2. Show that p1 is a homeomorphism.

3. Let G ⇢ homeo(E) the set of all such homeomorphisms (as we let e1 vary
of all points in p�1(b0)). Show that G is a subgroup.

4. Show that the action of G on E is a deck action.

5. Show that the quotient space is homeomorphic to B.
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