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A method of unconstrained and continuous manipulation of micro-particles in a fluid using bulk

acoustic waves is theoretically derived and experimentally demonstrated. The method is based on

phase-control of standing pressure waves created by two opposing transducers. Reflections are

taken into account, removing the need for complex experiments. The operating domain of this

method is characterized and compared to existing techniques. In contrast to methods based on

linearly adjusting the phase difference between opposing transducers, it is shown that by

independently controlling the phase of each transducer, particles can be manipulated in an

unconstrained manner over multiple wavelengths. VC 2013 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4819031]

Precise control and manipulation of particles dispersed

in a host fluid contained in a reservoir is of critical impor-

tance for applications in biology,1 biomedical devices,2

process control,3 and directed self-assembly of nano- and

micro-particles,4 amongst others. Manipulation of particles

using acoustic waves can be achieved in two regimes. If the

particle diameter, D, is much larger than the wavelength, k,

of the acoustic wave, intensity gradients arising from refrac-

tion drive particles to the intensity wells (ray acoustics re-

gime). This is oftentimes referred to as acoustic tweezers.5,6

Conversely, if D� k, the acoustic radiation force associated

with the pressure wave manipulates particles dispersed in a

host fluid to the nodes or antinodes of this wave7 (Rayleigh

regime). The acoustic contrast factor, U ¼ ð5qp � 2qf Þ=
ð2qp þ qf Þ � bp=bf , determines whether particles accumu-

late at the nodes (U > 0) or antinodes (U < 0) of the stand-

ing pressure wave. Here, qp; qf ; bp, and bf are the density

and compressibility of the particles and the host fluid,

respectively.8 Controlling the position of the nodes enables

manipulation of particles trapped in the nodes to a predeter-

mined location in the host fluid reservoir. This is commonly

achieved through use of transducer arrays.9–13 In this paper,

we focus on the phase adjustable transducer array technique

with counter-propagating wave patterns.11–13 Courtney

et al.12,13 used opposing piezoelectric transducers (PZT)

operating near 5 MHz to create counter propagating pressure

waves in water. Matching and backing layers were attached

to the transducers to absorb incoming waves and reduce

reflections. Using the phase difference between the two

transducers, in the absence of reflections, they state that par-

ticles can be displaced across multiple wavelengths, and ex-

perimental data shows displacement of particles over a half

wavelength. This method requires precise implementation of

the backing and matching layers to suppress reflected waves.

Grinenko et al.14 alleviated this problem by backing the pie-

zoelectric transducers with a fluid layer and then an acoustic

absorbing layer. Alternatively, Kozuka et al.11 employed

two transducers arranged at 150� and operated at 39.6 kHz to

generate a standing wave in air without reflections. They

manipulated a 3 mm polystyrene (PS) sphere trapped in the

antinode of the pressure wave, and showed that the sphere

moved almost linearly with increasing phase difference

between the two transducers.

The methods described in the literature to manipulate

particles trapped in the nodes of a standing pressure wave

are derived under the assumption that no reflected waves

normal to the transducer surface exist. This results in a

straightforward solution of the wave equation, but it also

requires removing those reflections in practical implementa-

tions, either by creating a backing or acoustic absorption

layer, or by arranging the transducers in an inclined orienta-

tion. Furthermore, no explicit demonstration seems to exist

of manipulating a particle over multiple wavelengths using

bulk acoustic waves (including reflections). This paper

attempts to describe an alternative method, based on a solu-

tion of the wave equation that incorporates reflected waves,

thus avoiding the need for complex practical implementa-

tions. The method requires independent adjustment of the

phases of two opposing transducers, and enables uncon-

strained, continuous manipulation of particles dispersed in a

host fluid over multiple wavelengths, in the presence of

reflected waves. A theoretical analysis and experimental val-

idation is presented.

Figure 1 shows the cross-section of a fluid reservoir of

length L with two opposing transducers. The pressure

(acoustic) wave, p(x, t), generated by the transducers is

described by the one-dimensional (1D) inviscid wave equa-

tion.15 Because the pressure field in the reservoir consists of

standing waves, it can be reduced to the time independent

Helmholtz equation16

@2p

@x2
þ k2p ¼ 0; (1)

where x is the direction of wave propagation, p(x) is the pres-

sure, and k is the wave number. Assuming rigid transducera)Electronic mail: bart.raeymaekers@utah.edu
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surfaces, the boundary condition at the fluid-transducer inter-

face is derived from the continuity equation as

~n ��p ¼ jxqf vn;i; (2)

where ~n is the unit vector normal to the transducer surface

(x-direction, see Fig. 1), x is the transducer angular fre-

quency, qf is the fluid density, and vn;i is the velocity of the

surface of transducer i (with i 2 f1; 2g) in the positive x-

direction, given as

vn;1 ¼ A1ejw1 at x ¼ 0 and

vn;2 ¼ A2ejw2 at x ¼ L:
(3)

A1 and A2 are the velocity amplitudes, and w1 and w2 are the

phases of the oscillating transducer surfaces. In this paper,

A1=A2 ¼ 1. With these boundary conditions, the pressure of

the standing wave as a function of location is calculated as

pðxÞ ¼
qf

2k sin kL
ðA1ejw1ðejkðx�LÞ þ e�jkðx�LÞÞ

� A2ejw2ðejkx þ e�jkxÞÞ; (4)

the real part of which can be written as

<e½pðxÞ� ¼
qf

ksinkL
ðA1 cos w1cosðkðL� xÞÞ

� A2cosw2coskxÞ: (5)

The location of the nodes are computed as <e½p� ¼ 0, which

yields

xðw1;w2Þ ¼
1

k
atan

A2 cos w2 � A1 cos w1 cos kL

A2 cos w1sin kL

� �
þ mp

k
:

(6)

Here, m¼ [0, 1, 2,…, n], so that all nodal locations are con-

tained between 0 and L. n is the number of nodes of the

standing pressure wave between the opposing transducers.

When k ¼ ð2n� 1Þp=2L, for n 2N, Eq. (6) is reduced to

xðw1;w2Þ ¼
ð�1Þnþ1

k
atan

A2 cos w2

A1 cos w1

� �
þ mp

k
: (7)

Figure 2(a) shows the nodal locations (x=k 2 ½0; 3�) of the

standing pressure wave as a function of the phases of the

opposing transducers, w1 and w2, for the case of Eq. (7),

with n¼ 48. Only even values of m are displayed for clarity.

The inset shows a section of Fig. 2(a) for w1;w2 2 ½0; p�.
Four example trajectories of a particle trapped in a node are

indicated with a solid line. Trajectories (i) and (ii) are

obtained by linearly adjusting the phase difference between

the transducers, Dw ¼ w1 � w2 (i.e., DwðtÞ follows a straight

line and Dwð0Þ ¼ 0). We observe that linear adjustment of

Dw will not result in displacement over multiple wave-

lengths. In contrast, trajectories (iii) and (iv) show that

through simultaneous and independent adjustment of both

transducer phases, a particle trapped in a node can be dis-

placed over multiple wavelengths. We assume that the pres-

sure satisfies the Helmholtz equation when the transducer

phases are adjusted, i.e., the transient behavior is neglected.

This is an adequate approximation if the changes in the

transducer phases occur over a time scale that is significantly

larger than the period of the pressure wave, as is the case in

our experiments. While only four trajectories resulting from

specific sequences of the transducer phases are identified, an

infinite number of sequences theoretically exists (Fig. 2).

Practically, however, particles cannot be trapped and manip-

ulated unless the amplitude of the standing pressure wave,

pa 6¼ 0. Figure 2(b) shows the amplitude of the standing

pressure wave, pa, as a function of w1 and w2, normalized

with the maximum possible pressure amplitude, pmax, for the

given reservoir dimensions.

Figure 3 shows a schematic of the experimental appara-

tus. It consists of a reservoir (inner dimensions: 48�48�8

mm) machined from poly(methyl methacrylate). Two PZT

transducers (type SM411) of dimensions (5�45�8 mm) and

center frequency of 740 kHz are mounted on opposing walls

of the reservoir. The transducers are driven by a function

generator controlled by a personal computer (PC). A spheri-

cal polystyrene particle of diameter 350 lm is displaced

FIG. 1. Cross-sectional view of a fluid reservoir with two opposing trans-

ducers creating a standing pressure wave p(x, t).

FIG. 2. (a) Nodal locations of the standing pressure wave, x=k, as a function

of the transducer phases, w1 and w2 (for even values of m). The inset shows

the section of the figure boxed with dashed lines. Four example node trajec-

tories are shown (solid line); trajectories (i) and (ii) are based on linear

adjustments of DwðtÞ, while trajectories (iii) and (iv) are based on independ-

ent adjustments of w1 and w2. (b) Amplitude of the standing pressure wave

as a function of w1 and w2, identifying the same trajectories (i)–(iv) shown

in (a) (solid lines), and illustrating that for certain combinations of w1 and

w2, the amplitude of the standing pressure wave approaches zero (darker),

eliminating the ability to control a particle trapped in a node.
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along the x-direction of the reservoir over two wavelengths

by applying a sequence of w1 and w2 to the respective trans-

ducers, as theoretically described by the solid line in the inset

of Fig. 2(a) (trajectory (iv)). The position of the particle is

captured with a CCD camera and its displacement is quanti-

fied using a particle tracking algorithm. The fluid host me-

dium consists of deionized water mixed with sugar to render

the particle neutrally buoyant in the fluid and keep it away

from the reservoir walls. The density and sound speed are qp

¼ 1062 kg=m3 (measured), cp ¼ 2400 m=s (Ref. 17) for the

PS particle and qf ¼ 1062 kg=m3 (measured), cf ¼ 1497 m=s

(determined with time-of-flight measurement) for the fluid

and, thus, the acoustic contrast factor U ¼ 0:609.

Figure 4 shows the experimental results, with (a) the

sequence of transducer phases that result in trajectory (iv)

shown in the inset of Fig. 2(a), (b) the theoretical (dashed)

and experimental (solid) position of a particle trapped in a

node of the standing pressure wave, as the node is displaced

over two wavelengths by adjusting the phases as described in

(a), and (c) shows a composite image made of snapshots in

time of the particle as it traverses the two wavelength dis-

tance. This demonstrates experimentally that a particle can

be manipulated over multiple wavelengths, when independ-

ently adjusting the transducer phases. The experiment

closely matches the theoretical trajectory of a particle

trapped in the node of the standing pressure wave, subject to

the imposed sequence of w1 and w2. The slight difference

between the theoretical and experimental particle displace-

ment is likely the result of minute misalignment of the

opposing transducers, which may alter the standing wave

pattern due to reflections of the waves from the reservoir

walls. Furthermore, inertia and viscous drag, not included in

the model, prevent the particle from instantaneously tracking

the displacement of the node of the standing pressure wave,

upon changing the transducer phases. This results in a more

continuous displacement of the particle than theoretically

predicted.

Figures 5(a)–5(d) show the displacements, Dx=k, result-

ing from the four example trajectories (i)–(iv) identified in

Fig. 2, and displays the transducer phase sequences (left col-

umn) along with the corresponding displacements (solid

line) and pressure amplitudes (dashed lines) of the standing

pressure wave (right column). In Fig. 5(a), the linear change

FIG. 3. Experimental setup consisting of a water reservoir with two oppos-

ing piezoelectric transducers. A spherical polystyrene particle of diameter

350 lm is neutrally buoyant in the reservoir. The transducer phases, w1 and

w2, are adjusted by the function generator according to a specified sequence

controlled by a PC, while A1=A2 ¼ 1. The particle is manipulated along the

x-direction of the reservoir, and its displacement is captured with a CCD

camera. A particle tracking algorithm is employed to quantify its position

during manipulation.

FIG. 4. Comparison of experimental and theoretical results. (a) The

sequence of transducer phases, w1 and w2, as a function of time and (b) the

corresponding theoretical and experimental displacement of a particle

trapped in a node of the standing pressure wave. (c) A composite picture of

snapshots in time of the particle as it traverses two wavelengths in the reser-

voir, demonstrating that the particle can be displaced multiple wavelengths

by independently adjusting the phases of two opposing transducers.

FIG. 5. Sequence of w1; w2 and Dw ¼ w1 � w2 for trajectories (i)–(iv) (Fig.

2) in the left column, with the corresponding displacement of a particle

trapped in a node (solid line), and the amplitude of the standing pressure

wave (dashed line) in the right column. The pressure amplitude has been

normalized with the maximum pressure amplitude, pmax, for the given reser-

voir dimensions and wave number.
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in Dw is enabled by adjusting w2 and maintaining w1 con-

stant. The node is displaced up to Dx=k ¼ 1=4, but further

adjustment of w2 results in no additional displacement. In

Fig. 5(b) the linear change in Dw is obtained by increasing

w1 and decreasing w2 equally by Dw=2. While a displace-

ment of multiple wavelengths appears to be obtained, the

phase combinations where the step-wise displacements occur

correspond to a standing pressure wave with zero amplitude,

making controlled particle manipulation impossible. In Fig.

5(c), each phase is adjusted similarly to Fig. 5(b), with w2

offset by an additional p=2, resulting in Dwð0Þ 6¼ 0. The

nodal displacement is linear with respect to time, but the

pressure amplitude, while almost constant, never reaches the

maximum possible value. Finally, in Fig. 5(d), each phase is

controlled independently along the trajectory shown in the

inset of Fig. 2(a), and experimentally demonstrated in Fig. 4.

This sequence of phases results in nodal displacements over

multiple wavelengths, and the pressure amplitude is greater

than or equal to that in the previous example. Note that the

time scale of Fig. 4(a) seems different from that of Fig. 5(d).

However, w1 and w2 follow the same sequence. Figure 5

shows that the values of w1 and w2 are more important than

Dw, and that unconstrained manipulation of a particle

trapped in a node cannot be achieved through linear adjust-

ment of Dw, but can be realized through independent adjust-

ment of w1 and w2. The pressure amplitude of the standing

wave depends on w1 and w2, and displacement of a particle

cannot occur if the amplitude of the standing pressure wave

is zero. Although we performed this analysis for Eq. (7), the

same methodology can be used for any k 6¼ np=L (Eq. (6)) to

displace a particle over multiple wavelengths.

In conclusion, we have derived a theoretical model for

the location of the nodes of a standing pressure wave gener-

ated by two opposing piezoelectric transducers with inde-

pendent control of the transducer phases. A particle trapped

in a node of the standing pressure wave can be precisely dis-

placed over multiple wavelengths, by adjusting the phases of

the transducers independently. As opposed to other methods

in the literature, the theoretical model takes into account

reflections normal to the transducer surface, removing the

need for complicated experimental implementations with,

e.g., matching layers, backing layers, or offset transducers. It

is shown that when developing a sequence of transducer

phases to achieve a specific displacement trajectory, special

consideration must be given to the pressure amplitude of the

standing wave. Using a simple experimental apparatus, it is

demonstrated that a particle can be displaced over Dx=k ¼ 2,

by applying a sequence of phase settings to both transducers.

Good agreement between the theoretically predicted and

experimentally measured displacement is observed.
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