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Abstract 

We employ an ultrasound wave field generated by one or more ultrasound transducers to organize 

large quantities of nanoparticles dispersed in a fluid medium into two-dimensional user-specified patterns. 

To accomplish this, we theoretically derive a direct method of calculating the ultrasound transducer 

parameters required to assemble a user-specified pattern of nanoparticles. The computation relates the 

ultrasound wave field and the force acting on the nanoparticles to the ultrasound transducer parameters by 

solving a constrained optimization problem. We experimentally demonstrate this method for carbon 

nanoparticles in a water reservoir and observe good agreement between experiment and theory. This 

method works for any simply-closed fluid reservoir geometry and any arrangement of ultrasound 

transducers, and it enables using ultrasound directed self-assembly as a scalable fabrication technique that 

may facilitate a myriad of engineering applications, including fabricating engineered materials with 

patterns of nanoscale inclusions.  
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Significance statement (120 words max) 

Ultrasound directed self-assembly enables organizing large quantities of nanoparticles into patterns using 
an ultrasound wave field generated by one or more ultrasound transducers. While critical to using this 
technique, no method exists to tune the parameters of ultrasound transducers to obtain a user-specified 
pattern of nanoparticles. We demonstrate a method of calculating the ultrasound transducer parameters 
required to assemble a user-specified pattern of nanoparticles in a fluid medium. In contrast with existing 
methods, which are limited to specific ultrasound transducer arrangements and pattern geometries, our 
method provides a universal solution. This work has implications for employing ultrasound directed self-
assembly as a fabrication technique for engineered materials with patterns of nanoscale inclusions, 
including dielectric metamaterials and nanocomposite materials.  
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Introduction 

Directed self-assembly (DSA) is defined as the process by which nanoparticles or other discrete 

components organize as a result of interactions between the components themselves and/or with their 

environment1. DSA is typically divided into three categories: templated, template-free, and external field-

directed techniques. Templated DSA involves surface-modified substrates that selectively prompt 

nanoparticle deposition into user-specified patterns2. Macroscale templates are obtained using block-

copolymer substrates with complex chemical functionalization for compatibility with the nanoparticles3. 

Template-free DSA methods use capping molecules that selectively interact with each other and with the 

nanoparticles to create organized patterns of nanoparticles1. The pattern geometries that can be obtained 

are limited by the properties of the capping molecules and the nanoparticles4. External field-directed 

techniques including electric5, magnetic6, or ultrasound fields7 are also used to assemble patterns of 

nanoparticles suspended in a fluid medium. The external field is generated by a set of transducers and acts 

as a tunable mask, enabling the pattern of nanoparticles to be modified by adjusting the arrangement and 

parameters of the transducer(s). Electric and magnetic fields require using conductive and ferromagnetic 

nanoparticles, respectively, and demand an ultra-high field strength to organize the nanoparticles into 

user-specified patterns8,9, thus limiting scalability. Alternatively, ultrasound DSA relies on the acoustic 

radiation force associated with an ultrasound (pressure) field to organize nanoparticles into user-specified 

patterns. This technique works independent of material properties7, and weak attenuation of ultrasound 

waves in most low-viscosity fluids reduces the need for ultra-high field strengths, thus enabling 

scalability7,10.  

Ultrasound DSA could enable fabricating complex multi-dimensional patterns of nanoparticles for 

use in a wide range of engineering applications including biology11, biomedical devices12, process 

control13, and bottom-up manufacturing of engineered nanostructured materials with exotic properties14-17. 

However, using ultrasound DSA as a fabrication technique requires relating the ultrasound transducer 

arrangement and parameters that generate the ultrasound wave field to the resulting patterns of 

nanoparticles that are assembled. This translates into two problems: (1) the “forward problem” entails 
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calculating the pattern of nanoparticles resulting from user-specified ultrasound transducer parameters, 

and (2) the “inverse problem” involves calculating the ultrasound transducer parameters required to 

assemble a user-specified pattern of nanoparticles.  

The forward problem is solved by computing the acoustic radiation force associated with the 

ultrasound wave field generated by the ultrasound transducers. The resulting pattern of nanoparticles is 

then found as the stable fixed points xf of the acoustic radiation force, defined as the location(s) where the 

force is zero and points toward xf in the surrounding region18.  The inverse problem is solved either 

directly or indirectly. Indirect methods rely on solving the forward problem for a range of ultrasound 

transducer parameters to create a “map” of nanoparticles patterns that can be assembled as a function of 

those parameters19-21. Direct methods on the other hand have only been derived for a limited number of 

specific cases, including dot patterns in circular reservoirs lined with ultrasound transducers22,23. 

However, these existing methods fail to provide a universal solution to the inverse problem. Thus, the 

objective of this work is to demonstrate and experimentally validate a direct solution methodology to the 

inverse problem for a user-specified pattern within a two-dimensional reservoir with an arbitrary simply-

closed geometry and ultrasound transducer arrangement. This is critical to enabling ultrasound DSA as a 

fabrication technique. 

We relate the user-specified patterns of nanoparticles to the ultrasound transducer parameters in two 

steps. First we calculate the ultrasound wave field in an arbitrary shaped reservoir lined with ultrasound 

transducers around its perimeter as a function of the transducer parameters using the boundary element 

method based on Green’s third identity24, which relates the wave field within a simply-closed domain to 

the boundary conditions imposed on the perimeter of that domain. Then, we apply Gor’kov’s method18,25 

of calculating the acoustic radiation force acting on a spherical particle to determine the pattern of 

nanoparticles resulting from the ultrasound wave field. Finally, we compute the ultrasound transducer 

parameters required to assemble a user-specified pattern of nanoparticles by solving a constrained 

optimization problem using eigendecomposition. We present a theoretical derivation and experimental 

validation.  
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Model 

Figure 1 shows a two-dimensional arbitrary shaped reservoir filled with a fluid medium of density ρm 

and sound speed cm, and with Nt ultrasound transducers of acoustic impedance Zt around the perimeter. 

The inset of Fig. 1 illustrates the discretization of the domain perimeter S into Nb ≥ Nt boundary elements 

(black dots) and the domain D into Nd domain points (red dots), which may be selected in any 

arrangement. The jth boundary element, identified by its center point qj, is ε(qj) wide and is driven by the 

ultrasound transducer parameter v(qj), i.e., the complex harmonic velocity (amplitude and phase) of the 

transducer surface along its normal direction n(qj), which acts as a piston source to create the ultrasound 

wave field. Additionally, we indicate a test point xl in D with respect to the reservoir origin o. 

 

Figure 1: Two-dimensional arbitrary shaped fluid reservoir lined with Nt ultrasound transducers. The inset illustrates 
the discretization scheme of the boundary element method, dividing the domain perimeter into Nb boundary 
elements (black dots) and the domain into Nd domain points (red dots). Additionally, the inset shows the width ε(qj) 
and normal direction n(qj) of the jth boundary element centered at qj. 

 

We use the boundary element method to calculate the ultrasound wave field with frequency ω0 in 

terms of the time-independent, complex scalar velocity potential φ, at each domain point within D. We 

note that: (1) φ must be a wave and, thus, satisfy the Helmholtz equation (∇2φ + k0
2φ = 0) in D, where k0 = 

ω0/cm is the wave number of the ultrasound wave field in the fluid medium. (2) The impedance boundary 

condition ∂φ/∂n + ik0Z̃φ = v must be satisfied on S, where Z̃ = ρmcm/Zt is the impedance ratio, accounting 
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for the absorption and reflection of the ultrasound wave within the fluid medium as it interacts with the 

ultrasound transducer surface25. Arranging all ultrasound transducer parameters v into a vector v, we 

calculate the ultrasound wave field at all Nd domain points as a single vector24 

=φ PWv .                                                                     (1) 

The matrix W maps each boundary element to its corresponding ultrasound transducer, i.e., wjm = 1 if the 

jth boundary element is contained within the mth transducer, otherwise wjm = 0. Additionally, each term plj 

of the matrix P corresponds to the ultrasound wave field created at xl by a point source located at qj on S, 

including all reflections from the reservoir walls. We calculate all plj terms in matrix form as 

( ) 11
2

ˆˆ −
= − +P B A I A B ,                                                          (2) 

for all Nd domain points. I is the identity matrix and we compute each term alj and blj of the matrices A 

and B as 

( )
( )

( ) ( )

0

,
,

( )

,

j l
lj j l

j

j j l

G
a ik ZG

ε δ

⎡ ⎤∂
⎢ ⎥= +
⎢ ⎥∂
⎣ ⎦

×

q x
q x

n q

q q x

 , and                                                (3) 

( ) ( ) ( ), ,ij j l j j lb G ε δ= q x q q x .                                                             (4) 

Here, i = (-1)1/2, δ(qj, xl) = 0 when qj = xl, otherwise it is 1, and G(qj,xl) is the Green’s function, which 

represents the free-field ultrasound wave emitted from a point-source located at qj and measured at 

location xl, defined as24 

( ) ( )0 0,
4j l j l
iG H k= − −q x q x .                                                        (5) 

H0 is the 0th order Hankel function of the first kind, and |qj – xl| is the Euclidean distance between points 

qj and xl. We obtain the matrices Â and B̂ in Eq. (2) analogously to A and B, differing only by the 

selection of the points xl, which lay on S for A and B, and lay in D for Â and B̂. Thus, using the boundary 

element method we relate the ultrasound transducer parameters to the resulting ultrasound wave field.  
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To relate the ultrasound wave field to the pattern of nanoparticles, we calculate the acoustic radiation 

force acting on a nanoparticle of density ρp and sound speed cp, dispersed in a fluid medium at location xl 

in D as 

l lU= −∇f ,                                                                      (6) 

where Ul is the acoustic radiation potential in xl. For a spherical particle with radius rp ≪ λ0, where λ0 = 

2πcf /ω0, we compute Ul as18,25 

H
l lU = v Q v ,                                                                  (7) 

where vH is the conjugate transpose of v, and the Hermitian matrix Ql is calculated as 
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pl
H is the lth row of P, and βm = 1/ρmcm

 and βp = 1/ρpcp
 are the compressibility of the fluid medium and 

particle, respectively. From Eq. (7), we calculate the obtained pattern of nanoparticles as the region(s) 

consisting of points xl, where Ul is locally minimum. Thus, to achieve assembly of a user-specified 

pattern of nanoparticles consisting of the set of desired positions Xdes, each value Ul corresponding to each 

position xl ∈ Xdes, must be locally minimum. We relax the requirement of local minimality to obtain an 

optimization problem with a single objective function. Instead, we aim to minimize the average value of 

Ul over all points xl ∈ Xdes, which is written as the quadratic function 

HU = v Qv ,                                                                       (9) 

where the matrix Q̄ is the average of the matrices Ql corresponding to each desired position xl ∈ Xdes. Ū 

has no lower bound because the matrix Q̄ is indefinite. Physically, this occurs because particles are 

assembled at the desired positions more effectively by increasing the harmonic velocity amplitudes of the 

ultrasound transducer surfaces indefinitely (|v| → ∞). Practically, the function generator that energizes the 

ultrasound transducers limits the harmonic velocity amplitudes of the transducer surfaces to finite values 



	   8	  
	  

and, thus, we constrain the magnitude |v| = α, where α is a real, scalar value representing the maximum 

harmonic velocity of the ultrasound transducer surface that can be achieved with a function generator. 

Hence, we formulate the constrained quadratic optimization problem 

min U , subject to α=v .                                                  (10) 

From Eq. (10), we calculate the ultrasound transducer parameters v* required to assemble a user-specified 

pattern of nanoparticles as the eigenvector corresponding to the smallest eigenvalue of Q̄, where v* has 

length α26.  

 

Results and discussion  

To demonstrate assembly of a complex user-specified pattern of nanoparticles, we define the 

University of Utah “U” logo within a square 12.75×12.75 mm water-filled reservoir with Nt = 200 

transducers (ω0/2π = 750 kHz) around the perimeter, and compute the ultrasound transducer parameters 

v* required to assemble this pattern using Eq. (10). Figure 2 shows the simulated pattern of nanoparticles 

resulting from the computed ultrasound transducer parameters v* (black) and the corresponding acoustic 

radiation potential (green), together with the user-specified “U” pattern (red). We qualitatively observe a 

close match between the user-specified and simulated patterns, except at sharp edges. Extra features not 

part of the user-specified pattern may exist if the optimization (Eq. (10)) does not yield an exact match 

with the user-specified pattern for the specified ultrasound transducer arrangement, operating frequency 

ω0, and reservoir geometry.  

 

Umin Umax
Ul
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Figure 2: Simulated University of Utah “U” logo pattern of nanoparticles (black), and corresponding acoustic 
radiation potential (green) obtained by applying the computed ultrasound transducer parameters v* required to 
assemble a user-specified “U” pattern (red) to the ultrasound transducer arrangement.  

Fig. 2 illustrates that complex patterns of nanoparticles can be assembled using this method, but large 

numbers of ultrasound transducers are often required. To experimentally validate our model and method, 

we limit the number of transducers to Nt = 4 and 8 and focus on dot and line patterns of nanoparticles. 

Figure 3 shows a schematic of the experimental validation procedure. We define a user-specified pattern 

in a square reservoir filled with water and 80 nm carbon nanoparticles, lined with PZT transducers (type 

SM112) with center frequency of ω0/2π = 1.5 MHz. We compute the ultrasound transducer parameters v* 

to obtain the user-specified pattern using the inverse method by solving Eq. (10). These parameters v* = 

[ν1, ν2, … , νNt]T are applied to the Nt transducers using a function generator, and we record the assembled 

pattern of nanoparticles using a camera, and compare it to the initial user-specified pattern.  

 

 

Figure 3: Validation of the method using a square reservoir filled with water and dispersed 80 nm carbon particles. 
A user-specified pattern is defined in the model and the ultrasound transducer parameters to obtain this pattern are 
computed using the inverse method. The ultrasound transducer parameters are then applied to the experimental set-
up, assembling a pattern of nanoparticles that is compared to the user-specified pattern. 

 

Figure 4 shows two example patterns in a 12.75×12.75 mm square reservoir with Nt = 4. Feasible 

patterns for this ultrasound transducer arrangement include lines spaced λ0/2 apart, parallel to a reservoir 
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wall (Fig. 4(a)), and dots arranged in a square grid formation spaced λ0/2 apart (Fig. 4(b)). Additionally, 

using a 24.75×24.75 mm square reservoir with Nt = 8 enables assembly of more complex patterns, such as 

a shifted line pattern (Fig. 5(a)), and a mixed line/dot pattern (Fig. 5(b)). In Figs. 4 and 5, we show an 

image of the experimentally obtained pattern after computing and applying the ultrasound transducer 

parameters, superimposed with the user-specified pattern in red. The insets show a magnified view, and 

the tables list the calculated ultrasound transducer parameters v*, i.e., the amplitude and phase of the 

harmonic velocity of the ultrasound transducer surface. 

 

Figure 4: Experimental results showing the user-specified patterns (red) and experimentally obtained patterns 
(black) assembled with the ultrasound transducer parameters calculated using Eq. (10) for a (a) line pattern, (b) dot 
pattern of nanoparticles. The tables list the calculated ultrasound transducer parameters v* to assemble the pattern of 
nanoparticles. 
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Figure 5: Experimental results showing the user-specified patterns (red) and experimentally obtained patterns 
(black) assembled with the ultrasound transducer settings calculated using Eq. (10) for a (a) shifted line pattern, (b) 
mixed line/dot pattern of nanoparticles. The tables list the calculated ultrasound transducer parameters v* to 
assemble the pattern of nanoparticles. 

 

To quantify the accuracy of the experimentally assembled pattern of nanoparticles with respect to the 

inverse problem solution calculated with the model, we specify line and dot patterns at positions shifted 

along the x- and y- direction over a distance Δx ∈ [0, λ0/2). We calculate the pattern error Epat as the 

average distance between the centers of the user-specified and experimentally obtained pattern features 

(lines or dots), normalized by the nominal pattern spacing λ0/2. Figure 6 shows the pattern error as a 

function of the normalized pattern shift distance Δx/λ0 for line (triangle marker) and dot (dot marker) 

patterns, in addition to images of the user-specified patterns superimposed on the experimentally obtained 

patterns, for line and dot patterns shifted by Δx/λ0 = {0.000, 0.250, 0.438}. We observe that the pattern 

error Epat is less than 16.0% and 16.5% for line and dot patterns, respectively, indicating good agreement 

between the user-specified and experimentally assembled patterns of nanoparticles. In practice, these 

patterns are not identical due to e.g. manufacturing imperfections in the experimental setup that affect the 
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resulting ultrasound wave field. Additionally, the model neglects viscous, thermal, and electrostatic 

effects. We also note that it is possible for the experimentally obtained pattern to contain additional 

pattern features, not part of the user-specified pattern. For instance, it is possible to assemble a user-

specified dot pattern with spacing λ0/2 by producing a line pattern that passes through the desired dot 

locations. In these instances, the pattern error is insufficient to account for the additional features, and a 

more complex scoring algorithm, such as a template matching method used in image processing27, is 

desirable.  

 

Figure 6: Pattern error Epat for user-specified line and dot patterns shifted with increments of Δx/λ0 = 0.0625. Insets 
show images of the user-specified and experimentally obtained line and dot patterns for Δx/λ0 = {0.000, 0.250, 
0.438}. 

Conclusion 

We have derived, for the first time, a direct solution method that relates a user-specified pattern of 

nanoparticles in a fluid medium contained in an arbitrary shaped reservoir, to the operating parameters of 

any arrangement of ultrasound transducers, enabling ultrasound directed self-assembly as a fabrication 

technique. We observe good agreement between theory and experiments. This work contrasts with 

existing indirect methods, which require calculating complex maps of feasible patterns, and direct 

methods, which only work for a limited set of reservoir geometries and pattern geometries. In addition, 

our method accounts for all reflected waves, enabling experimental validation without requiring a 

complex setup with matching and backing layers to eliminate reflections. Thus, this method provides a 
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practical approach of creating a user-specified pattern of nanoparticles using an arrangement of 

ultrasound transducers, in any reservoir geometry. 
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