14.1 Vector Fields

Gradient of 3d surface:

z

grad f

d.5

Divergence of a vector field:

L £ =0

(a) posilive (b) negative {c) zero divergence
divergence divergence

Met flux through surface equals
number of sources enclosed

V-A=0 V-A#0

Mo pet flux through surface



14.1 (continued)

Curl of a vector field:

Axis of Rotation

&
Object/Particle Rotating
Around the curl vector
at P.

Ve A=0

V< A=

Ex 1: Fill in the table.

Let f (x, v, z) be a scalar field (i.e. it returns a scalar) and

F(x,y,z)=M(x,y,z)i+N(x,y,z)j+P(x,y,z)k beavector field (i.e. it returns a vector).

Notation

Formula

Input

Output

Gradient of

Divergence of F

Curl of F




14.1 (continued)

Explanation of divergence and curl:
If F isa velocity field for a fluid, then

1. divergence of F measures the tendency of the fluid to diverge away from a point ( div F>0 )
or accumulate toward a point ( div /<0 ).

2.Curlof F picks out the direction or axis about which the fluid rotates most rapidly with
||curl F H = speed of that rotation.

Ex 2: Sketch a sample of vectors for the given vector field F .

@@ Flx,y)=xi-yj (b) Flx,y)=—2]

(c) ﬁ(x y,z)=2 }'—i—zlAc (try to draw vectors
with starting points in Xy, yz and xz-planes.




14.1 (continued)

Ex 3: Let ﬁ(x,y,z)zxyzf+2y2}'—3xzzl} .

(a) Find divF .

(¢) Find grad(div F)

(b) Find curl 7 .

(d) Find div(curl F') .




14.2 Line Integrals

Line integral of a scalar field. If Cis givenby x=x(¢),y=y(t),t€[a,b] ,
b
then [ f(x,y)ds=] f(x(t),y(r))ds
C a

where
dx

e

dt

2

dy2
+| == dt
&

What does this line integral measure?

We can think of it as the area of the curved
vertical curtain along that curve under the
surface z=f(x, y)

Let F(x,y,z)=Mi+N j+Pk where
M=M(x,y,z),N=N(x,y,z), and
A y P=P(x,y,z) R .
Then d7=dxi+dy j+dzk and
szﬁ -d 7 calculates the work done in
C

moving a particle over curve C with force
ds Y =2
F .

Quantity Quantity
{Vec_tur] (vector)

Operator ,
'\ (Inner Product) /

P el
Fd

B A

Pathtburve) along which the
integration is performed




14.2 (continued)

More cool pictures: In each example, the answer below the picture shows whether the line integral of
each vector field (in blue) along the oriented path (in red) is positive, negative or zero.
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Ex 1: Evaluate f xe’ds where C is the line segment from (-1, 2) to (1, 1).
C



14.2 (continued)

Ex 2: Evaluate f(xzdx+(y+z)dy+xdz) where C is the curve x=e', y=e ', z=e™ for
C

t€[0,1]

Ex 3: Find the work done by the force field ﬁ(x v, z)=(2x—y)?+(2 z) }'+(y—z)lAc when moving
a particle along the line segment from (0, 0, 0) to (1, 4, 5).




14.3 Independence of Path

Fundamental Theorem of Line Integrals
Cisacurve givenby 7(t),t€[a,b]

(1)
an open set containing C, then

{Vf@)-d?:f(z)—f(ﬁ)

exists. If £ (7) is continuously differentiable on

Ex 1: Answer these questions.
(a) What does it mean to be independent of path?

Equivalent Conditions:

If F (7) is continuous on an open connected set

D, then the following conditions are equivalent.

« F=V [ forsome functionf(i.e. F
1s conservative).

f F (7)-d7 is independent of path in D.

F(7)-d7=0 Y closed paths in D.

A=

(b) If F is conservative, what s it conserving?

(c) Why does D need to be open and simply
connected?

Theorem:

If F(x,y,z)=Mi+N j+Pk is continuously
differentiable on an open, simply connected set D,
then

F conservative © VXF=0 (3d)
(Note: In 2d, this becomes
M,=N,VXF=0 )

(d) Why didn't the Theorem get grouped with the
equivalent conditions?




14.3 (continued)

Conservative Vector Fields:

Conservative INON-Conservative Vector Field

(Graphical Representation)
Conservative NON-Conservative
Fooy) =yTexf  Foay) = :’i‘i x g
>
——
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Conse;\vativf 3 e T NON - Conservative
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14.3 (continued)

Ex 2: Determine if the given field is conservative. If so, find f such that F=V [ .

(a) ﬁ(x,y)z i+ 3+—m } (bl A
(x+y)

x+ F(x,y)=(4y"cos(xy*))i+(8xcos(x )]

(x+y)

10



14.3 (continued)

Ex3:Use Fl(x,y)= i+ j to answer the following questions.

X ——— |43+ ——
(x+y) (x+y)

(a) What is the largest open, connected set on which F (x,y) is continous?

(b) Evaluate f F (?)-d? using the Fundamental Theorem of Line Integrals., if C is the curve given
c

by F=ri+2r'j ,t€[12] .(Why are we sure we can use FTLI?)

(c) How would you calculate f F (7)-d7 without FTLI?
c

11



14.3 (continued)

Ex 4: Show that the line integral is independent of path.
(m,7,0)

((cosx+2yz)dx+(sin y+2xz)dy+(z+2x y)dz| . Then evaluate it.
(0,0,0)

12



14.4 Green's Theorem

Theorem:
Let R be a region in the xy-plane, C is a simple,
closed curve enclosing R (with parameterization

(1) ), Flx,y)=M(x,y)i+N(x,)j be
continuously differentiable over RUC .

Form (1): (Flux across a boundary)
¢ F-hds=[[ V- Faa
C R
7 = unit normal vector to C
@fﬁ (Mdy—Ndx)zﬂ (Mx+Ny)dxdy
C R

(Think of flux as flow.)

Idea of proof of Green's Theorem:

(1) Observation:

(e, d) (a,b)
[ fas=— [ rds
(a,b) (c.d)

(2) Subdivide regions such that C=C,UC,

:qifdszgﬁlfds+§ﬁ2fds (because the
C C C

integrals over the overlapping up and down curve
piece above cancel each other out)

Form (2): (Circulation along a boundary)
¢ Fdi=[[ VxF-kda
C R

@Sﬁ (de+Ndy)=ﬂ (Nx—My)dxdy

Big Idea: We can exchange the line integral for a
double integral.

(3) Subdivide into infinitely many subregions.

‘-}A LA LN |

This means that the line integral becomes a double
integral over a closed 2d region.

— =

13




14.4 (continued)

Ex 1: Given Sﬁwydx+¢;dy) where C is the closed curve formed by y=0, x=2, y=5x
C

(a) Draw C.

1

2

2

(b) Calculate the integral using Green's Theorem.

14




14.4 (continued)

Ex 2: Given the vector field F(x, y)=xi+2y ] and curve C given by

x=cost , y=sint ,t€[0,2m) .

(a) Draw the vector field, curve C and make predictions about the flux and circulation.

(b) Calculate 45 F-7ids  (flux across the
C

boundary).

(c) Calculate 56 Fd7 (circulation along the
C

boundary).

15




14.4 (continued)

Ex 3: Find the area (using Green's Theorem),

between y=vx and y= % . Check your answer area of a closed region in xy-plane.)

with a different method.

Area of R: (Just another cool way to calculate the

AzlJ)(—ydx—i—xdy)
2¢

16



14.5 Surface Integrals

Ex 1: Evaluate the surface integral
ﬂ g(x,y,z)dS given g(x,y,z)=y
G

where G is the surface z=4—y" over the
region {(x,y):0<x<3,0<y<2}

Theorem:

Let

R be a closed, bounded region in the xy-
plane

z=f(x,y) be a function with continuous
first-order partial derivatives on R
G be the surface over R given by

z=f(x,y)
glx,y.z)=g(x,y,f(x,y)) bea
continuous function on R.

Then the surface integral is given by

JJ g(x,y.2)as

= [ glx.y, (e, VNP2 12+ 1dy dx

Note: dS=vf2+f2+1 d4d .

17




14.5 (continued)

Ex 2: Evaluate ﬂ 3zdS where G is the top of the tetrahedron bounded by all three coordinate

G
planes and the plane 2x+6y+3z=6 .

18



14.5 (continued)

Flux of F across G:

ﬁ o [ F-ads=f[(~M f.—~N f +P)dxdy where
F G. R
ﬁ(x, y,z)zM(x,y,z)f+N(x,y,z)}'+P(x,y,Z)/Ac
AS s Gisthesurface z=f(x,y)
T — . n is the upward unit normal on G.
e z=f(x,y) has continuous first order partial
derivatives.

Ex 3: Evaluate the flux across G where ﬁ(x v, z)=2f+5 _}4‘3;{ , G is the part of the cone
z=Vx’+ y2 outside the cylinder x°+)°=1 and inside the cylinder x*+y°=4 .

19



14.6 Gauss' Divergence Theorem

Ex I: Let f(x y,z):4zlAc and S be the upper
hemisphere with radius 3 and center (0, 0, 0).

(a) Calculate ﬂ F-7dS asa surface integral.
oS

Theorem:
Let
. F'(x y,z) be a vector field
continuously differential in solid S.
* Sisa3-dsolid.
. 0S be the boundary of the solid S (i.e.
0S is asurface).
. n  be the unit outer normal vector to
oS .
Then

[[F(x,y, 2)nas=][[ divF av
oS N

(Note: Remember that
order.)

dV=dxdydz insome

This is the 3d analog of Green's Theorem!!

We can think of this integral as measuring the flux
across the boundary of the surface (as opposed to
one form of Green's theorem that measured the
flux across the boundary of a curve).

One big idea is that we can replace a surface
integral with a regular triple integral.

(b) Calculate ﬂ F-hdS using Gauss' Theorem.
oS

20




14.6 (continued)

Ex 2: Calculate ”I?-fadS where ﬁ(x,y,z)zxyf+ex}'+z3ic over the box
oS
{(x,y,z):x€[0,3], ye[1,2], z€[0,1]}

Ex 3: Calculate ff F-7dS where F(x,y,z)=3xi+2j+2z% andS is the solid between the
oS

paraboloid z=4—x’—3" ,cylinder x’+y°=1 and the xy-plane.

21



14.7 Stokes Theorem

Ex 1: Use Stokes' Theorem to calculate
[[ (VxFE)-hdS where
S

ﬁ’(x, y,z)zxy?+yz}'+xz/€ , S is the
triangular surface (part of a plane) with vertices
(0,0,0), (1,0,0) and (0,2,1), and 7 is an upper
normal.

Stokes' Theorem:

Let

* S be a3d surface.

. ﬁ(x,y,z)zM?+N}'+PlAc where

M=M(x,y,z) , N=N(x,y,z)

and P=P(x,y,z) .

* M, N, and P have continuous first order
partial derivatives.

* (s a piece-wise smooth, simple, closed
curve, positively oriented.

. T isa unit tangent vector to C.

n

“

Tds=[[ (VXF)-inds

| o= B
—

J‘(Vxﬁ)-h’dxdy

=

(This essentially says that the circulation along the
boundary surface is the same as the circulation on
the boundary curve.)

Remember gﬁ F -f’ds:f (Mdx+Ndy+Pdz)
C

C

22




14.7 (continued)

7

x

Ex 2: Use Stokes' Theorem to calculate [ (VX F)-7idS where F=(z—y,z+x,—x—y) ,Sis
N

the part of the paraboloid z=2—x"— )’ above the z=1 plane, and 7 is the upward normal.

23



14.7 (continued)

Ex 3: Use Stokes' Theorem to calculate .(ﬁ F-Tds where F=(x’+y")i—x(x’+)")j+0k andC
C
is the rectangular path from (0,0,0) to (1,0,0) to (1,1,1) to (0,1,1) to (0,0,0).

24



