HOMOLOGICAL ALGEBRA OF (g, K)-MODULES

DRAGAN MILICIC

1. ALGEBRAIC REPRESENTATIONS

1.1. Algebraic representations. Let G be an algebraic group defined over C. Let
Rep(G) be the category of representations of group G on complex vector spaces.
A representation (7, V) of G is called algebraic, if V' is a union of finite-dimensional
subrepresentations (V;,i € I) such that the representations of G on V;, i € I, are
given by algebraic morphisms of G into GL(V;).
We denote by ARep(G) the full subcategory of Rep(G) consisting of all algebraic
representations in Rep(G). We have the following result.

1.1.1. Lemma. (i) A subrepresentation of an algebraic representation is alge-
braic.
(ii) A quotient representation of an algebraic representation is algebraic.
(iil) The direct sum of two algebraic representations is algebraic.

Proof. (i) Let (m, V') be an algebraic representation of G. Assume that V' is a union
of finite-dimensional G-invariant subspaces (V;;4 € I) such that the representations
of G on V; are given by algebraic morphisms of G into GL(V;) for all ¢ € I. Let U be
an G-invariant subspace of V. Put U; = V; N U for i € I. Then U; are G-invariant
subspaces of U. Clearly, U is the union of (U;;i € I).

Let ¢ € I. Then U; is a G-invariant subspace of V;. Let P; be the subgroup of
GL(V;) consisting of all maps leaving U; invariant. This is a closed subgroup of
GL(V;). The representation of G on V; is given by a morphism of G into GL(V;)
which factors through P;. Let p; be the natural restriction morphism from P; into
GL(U;). Then the representation of G on Uj is given as a composition of the mor-
phism of G into P; with the restriction morphism p;. Therefore, the representation
on U, is algebraic.

(ii) Let (p, W) be the representation of G on W = V/U. Denote by ¢ the natural
projection of V onto W. Let W; = ¢(V;), i € I. Clearly, W; are finite-dimensional
G-invariant subspaces of W. Moreover, W is the union of all W;, ¢ € I. Let ¢;
be the natural morphisms from P; into GL(W;). The representation of G on W;
is given as a composition of the morphism of G into P; with the morphism g¢;.
Therefore, the representation (p, W) is algebraic.

(iii) Let (v,U) and (m,V) be two algebraic representations. Assume that U is
a union of finite-dimensional G-invariant subspaces (U;;i € I) and V a union of
finite-dimensional G-invariant subspaces (V};4 € J) such that the representations
of Gon U, i €I, and Vj, j € J respectively, are given by algebraic morphisms
of G into GL(U;) and GL(Vj;) respectively. Then, U & V is a union of G-invariant
subspaces (U; @ Uj; (4,7) € I x J) and the representations of G on U; & V; are given
by the algebraic morphisms of G into GL(U;) x GL(V;) C GL(U; & V;). Therefore,
(v@®m,U®V) is an algebraic representation. a
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This implies that ARep(G) is a abelian subcategory of Rep(G).

1.2. The largest algebraic subrepresentation. Let (7, V) be a representation
of G. A vector v € V is called algebraic if there exists an algebraic subrepresentation
of 7 containing v.

1.2.1. Lemma. The set of all algebraic vectors in V is a G-invariant vector sub-
space.

Proof. Let v be an algebraic vector and a € C. Then there exists a subrepresenta-
tion (v,U) of m which is algebraic and contains vector v. Clearly av € U. Hence,
av is algebraic.

Let v1 and vy be two algebraic vectors. Then there exist two algebraic subrep-
resentations (v1,U;) and (ve,Us) of m such that vy € Uy and us € Us. The sum
Uy + Us is an G-invariant subspace of V' containing v + vo. It is a quotient of the
algebraic representation on U; & Us. By 1.1.1, the representation on U; + U, is
algebraic. Therefore, v1 + vs is an algebraic vector.

Let v be an algebraic vector. Then there exists a finite-dimensional G-invariant
subspace U of V containing v such that the representation of G on U is given by
a morphism of G into GL(U). By definition, all vectors in U are algebraic. In
particular, 7(g)v is algebraic for g € G. Hence, the set of all algebraic vectors if
G-invariant. O

We denote the vector space of all algebraic vectors in V' by V|g). The represen-
tation of G on Vg is denoted by 7). This representation is clearly algebraic.

1.2.2. Lemma. Let (v,U) be a subrepresentation of (m,V). If (v,U) is algebraic,
U C Wg]

Proof. Let uw € U. Since v is algebraic, u is an algebraic vector in V. Hence
u € ‘/[G] [l

Therefore, we call (g, Vig)) the largest algebraic subrepresentation of (m, V).
Clearly, (m, V) is an algebraic representation if and only if Vig) = V.

1.2.3. Lemma. Let (v,U) and (w,V) be two representations of G and ¢ : U — V
a morphism of representations. Let uw € U be an algebraic vector. Then ¢(u) is an
algebraic vector in V.

Proof. By restricting ¢ to the largest algebraic subrepresentation of m, we can
reduce the proof to the case where (v,U) is algebraic. By taking a quotient by the
kernel of ¢, by 1.1.1, we can assume that ¢ is injective. In this case, the result is
obvious. O

Therefore, the morphism ¢ : U — V maps Ulg into V|g) and the restriction of
¢ defines a morphism of v|g) into m(g). It is straightforward to check that in this
way we get an additive functor m — g from Rep(G) into ARep(G) which we
call the algebraization functor.

1.2.4. Theorem. The algebraization functor from Rep(G) into ARep(QG) is a right
adjoint of the forgetful functor from ARep(G) to Rep(G).
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Proof. Let (v,U) be an algebraic representation and (7, V') a representation of G.
Then for ¢ : U — V/, it follows that im ¢(U) C V|g) by 1.2.3. Therefore, it follows
that

Homg(U, V) = Homg(U, Wg])

Therefore, we have the following consequence.

1.2.5. Corollary. The algebraization functor from Rep(G) into ARep(G) is left
exact.

1.3. The bifunctor Homc(—, —)(¢)- Let (v,U) and (7, V') be two algebraic repre-
sentations of G. Then the space of all linear maps Hom¢ (U, V) from U into V is a
representation of G. The action of G is given by

p(9)T =n(g)Tv(g™")

for g € G and T € Homc (U, V).

Therefore, we get an algebraic representation Homc (U, V)jg). This is clearly
a bifunctor, contravariant in the first variable and covariant in the second. Since
Homg(—, —) is exact in both variables, Home(—, —)(¢) is a functor from ARep(G)°PP x
ARep(G) into ARep(G) which is left exact in both variables.

By differentiating the representations v and m we get representations of the Lie
algebra g on U and V respectively. By abuse of notation, we denote them by the
same letters. Then we have the natural representation p of g on Home (U, V') given
by

p(X)T =7n(X)T —Tv(X)
for any X € g and T € Homg¢ (U, V).

By differentiating the algebraic representation of G on Home (U, V')(q) we get a
representation of the Lie algebra g on Home(U, V)¢

The next result implies that these two actions of g on Home (U, V)¢ coincide.

1.3.1. Proposition. The differential of the algebraic representation pig) of G on
Home (U, V)¢ is given by

pi)(X)T = m(X)T — T(X)
for any X € g and T € Home (U, V)¢
Proof. Let u € U and T' € Homc (U, V)(g). consider the function w : G — V given
by w(g) = m(g)(T(v(g~*)u)) for g € G. This function is regular by our assumption.
It is a composition of the diagonal imbedding G — G x G with the map from

G x G into V given by (g,h) — 7(g9)(T(v(h~')u)). Both maps are regular, hence
by the chain rule we get that

pia)(X)u = dw(X) = n(X)Tu — Tv(X)u
for any X € g. O

Assume now that G is a reductive algebraic group. Then the category ARep(G)
is semisimple.

1.3.2. Lemma. Let G be a reductive algebraic group. Then the functor Home(—, —)g
from ARep(G)°PP x ARep(G) into ARep(G) is exact in both variables.
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Proof. First, we prove the exactness in the first variable. Let

0—U SU—U"—0
be an exact sequence in ARep(G). since G is reductive, it splits. Let P : U — U’
be the splitting morphism, i.e., P oi = 1y/,. Clearly, we have the short exact
sequence

0 — Homc(U"”, V) — Homc (U, V) — Homc(U', V) — 0

of representations of G. The morphism S — S o P defines a splitting of this short

exact sequence.
Also,

00— Homc(U”, V)[G] — HOIII((;(U, V)[G] — HomC(U', V)[G]
is exact. Let A € Homc(U’, V). Then Ao P is in Home(U,V)|g and Ao Poi =
A, ie., Ais in the image of the morphism Homc(U,V)iq — Homc(U',V)(q-
Therefore, the functor Home(—, V)¢ is exact.
Now, we prove the exactness in the second variable. Let

0—V VIV 0

be an exact sequence in ARep(G). since G is reductive, it splits. Let Q : V" — V
be the splitting morphism, i.e., po @ = 1ly~. Clearly, we have the short exact
sequence

0 — Homc(U, V') — Home (U, V) — Homc (U, V") — 0

of representations of G. The morphism T'—— Q oT" defines a splitting of this short
exact sequence.
Also,

00— HomC(U, V/)[G] — HomC(U, V)[G] — Hom@(U, V”)[G]
is exact. Let B € Homc (U, V"”)(g]. Then Qo B is in Homc(U, V)|g) and poQo B =

B, ie., B is in the image of the morphism Homc(U,V)q — Home(U, V") g
Therefore, the functor Home (U, —)¢ is exact. |

2. CATEGORY OF (g, K)-MODULES

2.1. Harish-Chandra pairs. Let g be a complex Lie algebra. Let Der(g) be the
Lie algebra of all derivations of g. Denote by Aut(g) the automorphism group of
g considered as an algebraic group. Then the Lie algebra of Aut(g) is Der(g). Let
K be an algebraic group and ¢ the Lie algebra of K. Let ¢ : K — Aut(g) be a
morphism of algebraic groups. Then the differential L(ip) is a Lie algebra morphism
of £ into Der(g). We assume that the following condition holds:

(HC) There exists a Lie algebra monomorphism i : ¢ — g such that the diagram

comimutes.
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Therefore, we can identify £ with the Lie subalgebra i(¢) of g.

We call such pair (g, K) a Harish-Chandra pair.

Let h be a Lie subalgebra of g. Let Aut(g,h) be the subgroup of Aut(g) con-
sisting of all automorphisms which leave h invariant. The restriction of elements of
Aut(g,b) to b defines a algebraic group morphism of Aut(g, h) into Aut(h). Let T
an algebraic subgroup of K. Assume that

(a) tCb;

(b) @(T) C Aut(g, b).
Then ¢ is a morphism of 7" into Aut(g,h). By the above remark, by restriction,
this defines a morphism v : T'— Aut(h), and we have the following diagram

£ Aut(g, h)

T

Aut(h)

Denote by Der(g, h) the Lie subalgebra of all derivations of g which leave b invariant.
By differentiation we get the commutative diagram

t——"" Der(g,b)

L)

Der(h)

The linear subspace f of g is invariant for adjoint representation ady restricted to
h. Moreover, the representation of h on this invariant subspace is equal to ady.
Therefore, we see that L(¢) agrees with ady : t — Der(h). So, it follows that
(,T) is a Harish-Chandra pair which we call a Harish-Chandra subpair of (g, K).

Assume that (g, K) is a Harish-Chandra pair. Then, for any algebraic subgroup
T of K, (g,T) is a Harish-Chandra subpair of (g, K).

Moreover, if (h,T) is a Harish-Chandra subpair of (g, K'), Harish-Chandra sub-
pair (g,T) has a (h,T) as its Harish-Chandra subpair.

2.2. (g, K)-modules. A (g, K)-module (7,V) is a complex linear space V with
representation 7 of g and algebraic representation of K (which, by abuse of notation,
we denote by the same letter) such that the following holds
(HCM1) the differential of the action of K is equal to the action of ¢ as a Lie subal-
gebra of g;
(HCM2) we have
(p(k)€)v = m(k)m()m (k™ )v
forany £ €g, k€ Kandv e V.
We call the category of (g, K)-modules the category M(g, K') whose objects are
(g, K)-modules and morphisms linear maps which are morphisms of representations
of g and K.
Clearly, M(g, K) is an abelian category. If g = ¢, a (¢, K')-module is actually an
algebraic representation of K, since the action of £ is obtained by differentiation of
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the action of K. Therefore, M(¥, K) can be identified with M(K). If K = {1},
M(g, K) can be identified with the category M(g) of g-modules.

3. CHANGE OF LIE ALGEBRAS FUNCTORS

Let (g, K) be a Harish-Chandra pair. Let (h, K) be a Harish-Chandra subpair,
i.e., b is Lie subalgebra of g which contains £ and the action of K normalizes . We
have a natural forgetful functor For : M(g, K) — M(h, K). This exact functor
has a right adjoint functor and a left adjoint functor. First, we want to construct
these functors.

3.1. The inducing functor. Let (v,U) be a (h, K)-module. If we consider U(g) as
a right h-module for right multiplication, we can form the tensor product U (g) ®y(y)
U. Consider the bilinear map « : U(g) x U — U(g) @) U given by a(&,u) = {@u
for £ € U(g) and u € U. It induces a linear map £ : U(g) ®c U — U(g) Qup) U.
The tensor product U(g) ®c U with the tensor product of the representation ¢ on
U(g) and the representation v on U is an algebraic representation of K. Since the
kernel of § is clearly K-invariant, U(g) ®y ) U is an algebraic representation of
K. We define the representation of g on U(g) ®s) U by left multiplication on the
first factor. Differentiation of the algebraic action of K on U(g) ®y ) U gives a
representation of £ by
§-mou)=ad@)n@ut+n@u=[nQu+n@u=_Eneu

for any £ € €, n € U(g) and v € U. Hence U(g) @y U is a (g, K)-module. We
denote this module by ind(g’K)(U) and call it the induced module of (v,U). We

(h’K)
denote by o the g and K actions on U(g) @) U.

Let (v/,U’) be another (h, K)-module and ¥ : U — U’ a morphism of (h, K)-
modules. The biadditive map (n,u) — 7 ® ¥(u) defines a linear map v of
U(g) Qu(p) U into U(g) Qu(p) U’ given by

Y ®u) =n® Y(u)

for any n € U(g) and v € U. Since ¥ is a morphism of representations of K, v is a
morphism of representations of K. Moreover, we have

o () @u) =0a'(§)(n®¥(w) =@ ¥(u) =7(&n@u) =v((§)(n @ u))
for any € € g, n € U(g) and u € U. Therefore, 7 is a morphism of induced modules.

It follows that indgg’g is a functor from M(f, K) into M(g, K). By Poincaré-

Birkhoff-Witt theorem, U(g) is a free U()-module for the right multiplication.
Therefore we have the following result.

3.1.1. Theorem. The functor indgg’g : M(h, K) — M(g, K) is exact.

We have the following version of Frobenius reciprocity.
3.1.2. Theorem. The functor indgg’g : M(h, K) — M(g, K) is a left adjoint of
the forgetful functor from M(g, K) into M(h, K).

Proof. Let (m,V) be a (g, K)-module and (v,U) a (h, K)-module. Let & : v — V
be a morphism of (h, K)-modules. Then we can consider the biadditive map « :
U(g) x U — V given by a(§,u) = 7(§)P(u) for £ € g and u € U. Clearly we have

a(én,u) = m(En)®(u) = (7 (n)@(u) = 7(§)P(¥(n)u) = (&, v(n)u)
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for any & € U(g), n € U(h) and u € U. Therefore, a induces a linear map ® :
U(g) uwmy U — V given by ®(§ ® u) = w(§)®(u) for all £ € U(g) and u € U.
Moreover, we have
D(0(C)(E®@u)) = O(C€ @ u) = m(¢E)P(u) = m(()(§) @ (u) = T(()P(§ @ u)
for all £,¢ € U(g) and u € U. So, ® is a morphism of g-modules. In addition, we
have
O(0(k)((®u)) = (k) (§)@v(k)u = m(p(k))P(v(k)u) = m(k)T(§) P (u) = m(k)P(EDu)
for all £ € U(g), k € K and u € U. Therefore, ® is a morphism of representations
of K. Tt follows that ® is a morphism of indgg’ﬁg(U) into V.
Conversely, if ¥ is a morphism of the (g, K)-module indgg’%
define a linear map ¥ : U — V by ¥(u) = ¥(1 ® u) for any v € U. We have
V(v(&u) = V(1@ v(u) = ¥(E@u) =€) P @ u) = m(&)¥(u)
for any £ € U(h) and v € U. In addition,
U(v(k)u) = (1@ vk)u) = U(o(k)(1Qu) = k)1 u) = (k)P ()
for any k € K and u € U. Therefore, ¥ is a morphism of (h, K)-modules.
Clearly, we have

(U) into V, we can

(@) (u) = ¢(1 @ u) = ®(u)
for all uw € U. Moreover, we have
() (¢ @u) =n(2)¥(u) =V ®u) = V(o)1 ou) = V(D u)

for € € U(g) and u € U. Therefore, the linear maps ® — ® and ¥ — ¥ are
mutually inverse. [l

This has the following formal consequences.

3.1.3. Corollary. The functor indggzﬁg : M(h,K) — M(g, K) maps projective
objects in M(h, K) into projective objects in M(g, K).

(8,K)
(h,K)
3.1.4. Corollary. The forgetful functor from M(g, K) — M (b, K) maps injective

objects in M(g, K) into injective objects in M(b, K).

Assume now that K is reductive. Then the category of algebraic representations
of K is semisimple, and every object in it is projective. By 3.1.3, (g, K)-modules

indgg,’g)) (U) are projective for arbitrary algebraic representation U of K.

Since ind is exact by 3.1.1 we also have:

This leads to the following result.

3.1.5. Lemma. If K is a reductive algebraic group, the category M(g,K) has
enough projectives.

(9,K)
(¢,K)

M(g, K) for any algebraic representation U of K.

Proof. As we remarked, if K is reductive, ind (U) is a projective object in

By 3.1.2, the functor indgg:ﬁ)) is a left adjoint of the forgetful functor from
M(g, K) into M(K). Therefore, for a (g, K)-module V, we have the adjunction
morphism indgf”g))(V) — V given by £ ®@ v — v(§)v for any £ e U(h) and v € V.
clearly, this morphism is an epimorphism. By above remark, it follows that any
object in M(g, K) is a quotient of a projective object. O
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3.2. The producing functor. Let (v,U) be a h-module. We consider U(g) as a
h-module for left multiplication. Equip the vector space Homy (U(g), U) with action
of g given by

(& - A)(n) = Ang)
for any A € Hom(U(g),U), £ € g and n € U(g). By Poincaré-Birkhoff-Witt
theorem, the h-module U(g) is free. Therefore, the functor U —— Homy (U(g),U)
is an exact functor from the category of h-modules into the category of g-modules.

Assume that U is a (h, K)-module. Let A € Homg(U(g),U). Let k € K. We
define a linear map from U(g) into U by

(k- A)(n) = v(k)A(p(k~")n)
for n € U(g). We have

(k- A)(¢n) = v(k)A(p(k™)(Cm) = v (k) A((p(E~ 1)) (k™))
= v(k)v(p(k~ 1)) Alp(k~ ) = v(Q)wr (k) A(p(k™")n) = v(Q)(k - A)(n)

for any ¢ € h and n € U(g). This implies that k- A is in Homy (¢(g),U). Hence,
this defines a representation of K on Homy (U(g),U).
Now we need the following result.

3.2.1. Lemma. LetV be a vector space with representation o of g and representa-
tion T of K. Assume that the action map ¥ : gxV — V given by ¥(&,v) = o(&)v
foré €egandv eV, is K-equivariant, i.e.,

U(p(k)E, 7(k)v) = 7(k)¥(E, v)

forany £ € g, k € K andv € V. Then the largest algebraic representation Vg is
a g-submodule of (o,V).

Proof. The action map ¥ : g x V. — V is bilinear and induces a linear map
®:g®cV — V. If we consider g ®c V as a tensor product of representations of
K, the map ® is a morphism of of representations. Since the representation ¢ of
K on g is algebraic, for any algebraic vector v € V and £ € g, £ ® v is an algebraic
vector in g®@c V and ¥({ ®v) is also algebraic. It follows that ¥(g®c Vix)) C Vik]-
This means that Vg is invariant for o. O

Consider the action map ¥ : g x Homy(U(g),U) — Homy(U(g),U). For any
k € K, we have

U(p(k)S, k- A)(n) = (p(K)E) - (k- A))(n) = (k- A)(np(k)E)
= v(k)A(p(k~ 1) (np(k)€)) = v(k) A(p (k™) (1)€)
= v(k)(& - A)((k™)n) = (k- (&~ A))(n)

for any A € Homg(U(g),U), £ € g and 1 € U(g). Therefore ¥ is K-equivariant.
By 3.2.1, the largest algebraic subrepresentation Homy (U(g), U)(k] of the repre-
sentation Homy (U(g),U) is g-invariant.
By differentiating the representation of K on Homy (U(g),U) k) we get the rep-
resentation of £ given by

(€-A)n) =¢-Aln) — A(ad(Q)n) = ¢- A(n) — A(Cn —n¢) = A(n¢) = (¢- A)(n)
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for any A € Homg(U(g),U)k], ¢ € € and € U(g). Hence, the differential of the
action of K agrees with the action of ¢, i.e., Homy (U(g),U)x] is a (g, K )-module.
We put
(8,K) -
pro(th)(U) = Homh (U(g), U)[K]

and denote the action of g and K by p. We call this module the produced module
of (v,U).

Let (¢/,U’) be another (h, K)-module and w : U — U’ a morphism of (b, K)-
modules. Then A — woA is a linear map from Homy (U (g), U) into Homy (U(g), V').

For any ¢ € g, we have

(€ (woA))(n) = (wo A)(ng) = w(AnE)) = w(&- A)(n) = (wo (& A))n)

for any A € Homg(U(g),U) and n € U(g), i.e., A — wo A is a morphism of
g-modules.
For any k € K we have

(k- (wo A)(n) = ' (k)(w o A) (k™ )n) = v/ (k)w(A(o(k~")n))
= w(v(k)Alp(k™")n)) = w(((k - A) (1) = (wo (k- A)(n)

for all A € Homy(U(g),U), n € U(g). Hence, A — w o A is a morphism of
representations of K. Therefore, it induces a morphism of Homy(U(g), U) k) into
Homy (U(g), V) (k) Hence, A — wo A is a morphism of (g, K )-modules.

This implies that progg’g is an additive functor from the category M(h, K) into
the category M(g, K).

We have the following version of Frobenius reciprocity.

3.2.2. Theorem. The functor proggjg : M(h,K) — M(g, K) is a right adjoint

of the forgetful functor from M(g, K) into M(h, K).

Proof. Let (v,U) be a (b, K)-module. We define a map e : Homy, (U(g), U)x] — U
by e(A) = A(1) for any A € Homy(U(g),U)[k]. We claim that e is a morphism of
(b, K)-modules. First, for £ € b, we have

v(§)e(A) = v(§A(L) = A(§) = (p(§)A)(1) = e(p(§)A)
for any A € Homy(U(g),U)[x). In addition, for k € K, we have

v(k)e(A) = v(k)A(1) = v(k)A(p(k™)1) = (p(k)A)(1) = e(p(k)A)
for any A € Homy(U(g),U)[k]-
Let (7,V) be a (g, K)-module. We define a map

o : Homg xy(V, progﬁzgg
by a(¥) =eo 0.

We claim that « is injective. Assume that ¥ is in the kernel of . Then for
v € V, we have

0= a(¥)(r(n)v) = e(¥(r(n)v)) = e(p(n)¥(v)) = (p(n)¥(v))(1) = ¥(v)(n)
for n € U(g). Therefore ¥(v) =0 for any v € V, i.e., ¥ =0.
Let ® € Homy g (V,U). For any v € V, we define the linear map @, : U(g) —
V by ®,(n) = ®(7(n)v). Then, for ¢ € h, we have

®,(¢n) = @(m(¢n)v) = S(7(C)m(n)v)v(¢)®(m(n)v) = v(()Pu(n)

(U)) — Homy ) (V,U)
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for any n € U(g). Therefore, ®, is in Homy(U(g),U). Moreover, for k € K, we
have

(k- @u)(n) = v(k) o (p(k ™)) = v(k)@(n(p(k~")n)v)
= &(r(k)m(p(k~)n)v) = S(()m(k)v) = Pr(ryn(n)
for any n € U(g). Therefore, we have k- ®, = ®, (1), for any k € K. It follows that

®, € Homy (U(g),U) k). The map Q : v — &, is clearly a linear map from V' into
Homy (U(g),U) k). In addition, for £ € g, we have

(p(£)2(v)) () = (p(§)Pw) (1) = Py(nE)
= ®(r(n&)v) = (m(n)7(£)v) = Pr(eyo(n) = QA (§)v)(n),
for any n € U(g). Hence, we have p(§)Q(v) = Q(m(§)v) for any v € V. Tt follows
that 0 € Homg g (V, Homg (U(g), U)[x])-
Let 8 : Homy ) (V,U) — Homq ) (V,Homy (U(g),U) (k) be the map which
sends @ into 2. Then we have

(a0 B)(®)(v) = (a(Q))(v) = e(Q(v)) = e(Dy) = Py (1) = B(v)

for any v € V. Hence, a o 3 is the identity on Hom, x(V,U), i.e., a is surjective.
This implies that « is a linear isomorphism and S its inverse. O

The above result has the following formal consequences.
3.2.3. Corollary. The functor progg’llg : M(h, K) — M(g, K) is left exact.

3.2.4. Corollary. The functor progg’g : M(h,K) — M(g,K) maps injective

objects in M(h, K) into injective objects in M(g, K).

Assume now that K is reductive. Then the category of algebraic representations
of K is semisimple and every object (v, U) is injective. Therefore, Harish-Chandra
modules progg’;{{)) (U) are injective in M (g, K) for arbitrary algebraic representation
U of K.

This leads to the following result.

3.2.5. Corollary. If K is a reductive algebraic group, the category M(g, K) has
enough injectives.

Proof. Let (w,V) be a (g, K)-module. By adjointness, the identity morphism on
algebraic representation V' of K, determines the adjointness morphism V —
progg’fg(‘/). From the discussion from the proof 3.2.2, that morphism sends a
vector v € V' to the map n — 7(n)v, n € U(g). Hence, the above adjointness mor-
phism is a monomorphism. By the above remark, the (g, K)-module progg’[[g (V)
is injective.

Later, in 4.1.5, we are going to prove the above result without the assumption
that K is reductive.

3.2.6. Theorem. If K is a reductive algebraic group, the functor pro(g’K) M, K) —

(b,K) -
M(g, K) is exact.



HOMOLOGICAL ALGEBRA OF (g, K)-MODULES 11

To prove this theorem we need some preparation. The group K acts on g via .
Since K is reductive algebraic group and b is K-invariant there exists a K-invariant
vector subspace s of g such that g =h @ s.

Let S(s) be the symmetric algebra of s. The action ¢ of K on s extends to the
action on S(s) by automorphisms.

Also, the action ¢ of K on g (resp. h) extends to the action on U(g) (resp. U(H))
by automorphisms.

Therefore, the tensor product U (h) ®c S(s) is an algebraic representation of K.
Moreover, it is a free left ¢(h)-module by left multiplication in the first factor.

Clearly, U(g) is also an algebraic representation of K, and a left U (h)-module by
left multiplication. By Poincaré-Birkhoff-Witt theorem, it is a free U (h)-module.

Let A: S(s) — U(g) be the linear map given by

A&z ] Z Eo)éo(2)  Eo(n)
e ocES,
for &1,&,...,&,. Moreover, we define A : U(h) ®@c S(s) — U(g) by A(n® () =
7 - A(C) for n € U(h) and ¢ € S(s).

3.2.7. Lemma. The linear map A : U(h) @c S(s) — U(g) is an isomorphism of
U(h)-modules and algebraic representations of K.

Proof. Let (Uy(g);p € Z4) be the standard filtration of the enveloping algebra
of g. We consider U(g) as a left U(h)-module for the left multiplication. Define
an increasing filtration (F,U(g);p € Z4) such that F,U(g) is the U(h)-submodule
generated by Up,(g).

Let (Sp(s);p € Z4) be the standard filtration of the symmetric algebra S(s). We
define a filtration (F,(U(h) @c S(s));p € Z4) by

FpU(h) @c S(s)) = U(h) @c Sp(s)
for p € Z,.. Clearly, we have
A(F,(U(h) ®c S(s)) C FU(g)

for all p € Z, . By Poincaré-Birkhoff-Witt theorem, we see that Gri/(g) = U(h) ®
S(s) and Gr A is the identity map. This easily implies that A : U(h)RcS(s) — U(

is an isomorphism.

DS@

Now we can prove 3.2.6. By 3.2.7, we see that
Homy (U(g), U) = Homy (U(h) @c S(s),U)

as representations of K. By restriction to C ®¢ S(s), we have a linear isomorphism
of Homy (U(h) ®c S(s),U) with Home(S(s),U). This linear isomorphism is an
intertwining map of the representation of K on Homy (U(h) @c S(s),U) with the
natural representation on Home(S(s), U). Therefore we have the following diagram:

0 —— Homy (U(g), U") ——> Homy (U(g), U) — Homy (U(g), U") —> 0

0 —— Homg(S(s), U’') —— Homc(S(s),U) —— Home(S(s), U") ——=0



12 DRAGAN MILICIC

Here the horizontal lines are exact sequences and vertical morphisms are isomor-
phisms of representations of K. Applying the algebrazation functor, by 1.2.5 and
1.3.2, we get the diagram of algebraic representations of K

0 —— Homy (U(g), U’) (k) — Homy, (U(g), U)x) — Homy, (U(g), U") k)

0—— HOIIl(c(S(S), U’)[K] 4>HOH1([:(S(5),U)[K] HHOIH@(S(S),U“)[K] —0

where horizontal lines are exact and vertical are isomorphisms. This implies that
the top line as a short exact sequence, i.e., the functor progg’% is exact. This

completes the proof of 3.2.6.

4. ZUCKERMAN FUNCTOR

Now we want to study change of groups in Harish-Chandra pairs. Let T be a
closed algebraic subgroup of K. Then we have a natural forgetful functor M(g, K) —
M(g,T). The Zuckerman functor I 7 : M(g,T) — M(g, K) is by definition the
right adjoint functor to this forgetful functor.

First we describe a construction of this functor.

4.1. Zuckerman functor. Let R(K) be the ring of regular functions on K. Then
for any vector space V', we can view R(K)®V as the vector space of all regular maps
from K into V and denote it by R(K,V). We define an algebraic representation p
of K on R(K,V) as the tensor product of the right regular representation of K on
R(K) and trivial action on V.

Let now V' be an algebraic representation of K. Then we have the natural matriz
coefficient map ¢ : V. — R(K,V) which maps a vector v € V into the function
k —— m(k)v. Then, if we define p as above, we have

c(m(k)v)(h) = w(h)m(k)v = w(hk)v = c(v)(hk) = (p(k)c(v))(h)
for any k,h € K, i.e.,
e(m(k)v) = p(k)e(v), v eV,
and ¢ is a monomorphism of representations of K.
If V is a (g, K)-module, we also have

c(m(§)v)(k) = m(k)m(§)v = m(p(k)§)m(k)v = w(p(k)€)c(v) (k)
for £ € g, k € K and v € V. Therefore, if we define a representation v of g on
R(K,V) by
W F)(k) = n((REF(R), ke K,

for £ € gand v € V| we see that ¢: V — R(K,V) intertwines the actions of g and
K.

In addition, if we define the representation 7 of K on R(K,V) as the tensor
product of the left regular representation A of K on R(K) with the natural action
mon V, we have

(7(k)e(v))(h) = w(k)e(v) (k™ h) = 7(k)n (k™ h)v = w(h)v = c(v)(h), h € K,

for all k € K and v € V. Therefore, the image of c¢ is in the space of all 7-invariant
functions in R(K,V).
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Let ¥ be a 7-invariant function in R(K, V). Then
U(k) = (r(h)¥)(k) = 7 (k)P (k~"h)

for any h,k € K. Therefore, ¥(kh) = nw(k)¥(h) for any h,k € K. In particular,
we have U(k) = w(k)¥(1) for all k € K, and ¥ is a matrix coeflicient of ¥(1) € V.
Therefore, the matrix coefficient map is an isomorphism of (g, K)-module V' onto
the (g, K')-module of the T-invariants of R(K, V).

We shall use this observation to construct the Zuckerman functor.

Let now (7, V) be a (g,7)-module only. Then, as above, we can define the
structure of U(g)-module on R(K, V) by

W F)(k) =m(p(k)§)F(k), k€K,
for £ € g and F € R(K,V), and the structure of an algebraic representation of K
by
(p(k)F)(h) = F(hk), he K,

for k € K. Let 7 be the tensor product of the left regular representation A\ of €
and T on R(K) with the natural action 7 on V. This defines a structure of Harish-
Chandra module for (¢,7) on R(K,V). We claim that these actions of ¢ and T
commute with the representations v and p. For p this is evident. For v, we first
have

(T () F)(k) = m()(v(E)F) (¢ k) = m(t)m(o(t™ k)€ F (¢ k)
= (k)T (t)F(t™"k) = m(o(k)E) (N F) (k) = (v(€)T()F)(k), k€ K,

fort €T, & €gand F € R(K,V). Therefore, the v-action of g commutes with the
T-action of T.
On the other hand, the differential of the action 7 of € on R(K,V) is given by

(r(mF)(k) = A F)(k) + 7 (n)F (k)
forneg, ke K and F € R(K,V). For h € K, we have
W(F) (W k) = m(p(h™ k)€ F(h™ k) = m(p(h™ )p(k)E)F(h™"k)
for h,k € K. Therefore, by differentiation with respect to h at 1, we get

A () F)(k) = —m(ad(n)(p(k)§)) F (k) + m(@(k)§) (A(n) F) (k)
= —m()7(e(k)§)F (k) + m(p(k)§)m(n) F (k) + m(o(k)&) (A(n)F) (k)
= —m(n)(W(E)F) (k) + m(p(k)) (M) F) (k) + 7 (n) F (k)
= —m(n)W(E)F) (k) + 7 (p(k)&)(T(n)F) (k) = —m(n) (v (&) F)(k) + (v(&)T(n)F) (k)
for £ € g, n € t and k € K. Therefore, we have
(r(mr(E)F) (k) = (A (§)F) (k) +7(n)(v(§) F)(k) = (v(§)7(n)F) (k)
for F € R(K,V), £ €g,ne€tand k € K. Therefore, the v-action of € commutes

with 7-action of €.
It follows that the subspace of (¢, T')-invariants

Trr(V)=R(K,V)&D

3

3

in R(K,V) with respect to 7 is an invariant subspace for the actions of g and K.

4.1.1. Lemma. Let V be a (g,T)-module. Then I'x (V) is a (g, K)-module.
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Proof. First, for k € K, € gand F € R(K,W) we have

(v(p(k)E)F)(h) = m(p(h)p(k)§)F (h) = m(p(hk)§)F(h)
= m(p(hk)E)(p(k~ 1) F)(hk) = (v(€)p(k~ 1) F)(hk)
= (p(k)v(p(k~)F)(h), heK;
v(p(k)E) = p(k)v()p(k~).
Also, for F € Tg 7(V), we have

F(kh) = F((Int(k) (h))k)

for any h,k € K. Since F is invariant for 7-action of K, by differentiation with
respect to h at 1 we get

(P F) (k) = =(MAA(K)E) F) (k) = =(T(p (k) F) (k) + m(p(k)§) F (k) = (v(§) F) (k)

for £ € ¢ and k € K. Hence, we have v(§) = p(§) on 'k (V). Therefore, the
actions v and p define a structure of Harish-Chandra module on I'x (V). O

Let (w,V) and (7',V’) be two Harish-Chandra modules for (g,7") and o €
Hom(g 7)(V,V’). Then o induces a linear map 1 ® a : R(K,V) — R(K,V’).
Clearly, 1 ® « intertwines the actions v, p and 7 on these modules. Hence, it in-
duces a morphism 'k r(a) : T, (V) — T r(V’). It follows that T'x r is an
additive functor from M(g,T') into M(g, K).

Let (7, V) be a Harish-Chandra module in M (g, K). Then, as we saw above, the
matrix coefficient map cy of V' is a (g, K)-morphism of V' into I'x 7(V). It is easy
to check that the maps ¢y actually define a natural transformation of the identity
functor on M(g, K) into the composition of Ik with the forgetful functor.

On the other hand, let (7, V) be a Harish-Chandra module for (g,T) and ey :
Ik (V) — V the linear map given by ey (F) = F(1). Then ey is a (g,7)-
morphism from ' (V') into V. To see this, we observe that for any F' € T'g 7 (V),

ev(W(§F) = (W& F)(1) = () F(1) = m(§ev (F)
for £ € g and
ev(v(t)F) = (p(t)F)(1) = F(t) = 7(t)F (1) = 7 (t)ev (F)

for t € T'. Clearly, the maps e, define a natural transformation of the composition
of the forgetful functor with the functor Ik 7 into the identity functor on M(g, T).
Using these natural transformations, we get the following result.

4.1.2. Theorem. The functor ' p: M(g,T) — M(g, K) is right adjoint to the
forgetful functor from M(g, K) into M(g,T).

Proof. Let (w,V) be a Harish-Chandra module in M(g, K) and (7/,V’) a Harish-
Chandra module in M(g,T). For a € Hom(g7)(V,V’), the composition & =
Frr(@)ocy : V. — Tgr(V') is in Homg gy (V,I'g,r(V')). Thus we have a
linear map a +—— & of Homy 1y (V, V") into Homg xy(V, Tk, 7 (V")).

Also, if 8 € Homy g)(V,Tk,r(V')), B = ey o B € Homg y(V,V’). Thus we

have a linear map ( —— /3 of Homy x)(V, Tk, (V’)) into Homg 7y (V, V).
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These maps are inverse to each other. Namely, for any v € V,

(B) (v)(k) = (1@ B) o ev)(v)(k) = Blev (v)(k))
= ev: (B(m(k)v)) = B(r(k)v)(1) = (p(k)B(v))(1) = B(v)(k),

for all k € K. Therefore, (5)7 = 4.
On the other hand, for o € Homg 7)(V, V'), we have

(@) (v) = (@) (v)(1) = (1@ ) o cv)(v)(1) = alev (v)(1)) = a(v)

for v e V;ie., (@) = a.
Hence, the maps 8 — 8 and o — @ are mutually inverse bijections and this
proves the proposition. O

The functor I' 7 is called the Zuckerman functor.
The above result has the following immediate consequence.

4.1.3. Corollary. The functor T p: M(g,T) — M(g, K) is left exact.

Moreover, since the forgetful functor from M(g, K) into M(g,T) is exact, the
following result holds.

4.1.4. Corollary. The functor I'g 1 : M(g,T) — M(g, K) maps injective objects
in M(g,T) into injective objects in M(g, K).

Let 'k = T'k (1) Then we have the following consequence.
4.1.5. Theorem. The category M(g, K) has enough injectives.

Proof. Let (m,V) be a (g, K)-module. Then there exists an injective object I in
M(g) and a g-monomorphism i : V. — I. By 4.1.4, Tk (I) is an injective (g, K)-
module.

Since Tk is left exact, Tk (i) : Tx(V) — T'x(I) is also a monomorphism.
By the discussion before 4.1.2; the adjunction morphism V — Tk (V) is also
a monomorphism. Therefore, the composition of these two morphisms defines a
monomorphism V' — ' (I) of V into an injective object in M(g, K). O

4.2. A remark on notation. Let (g, K) be a Harish-Chandra pair and (b, K)
be a Harish-Chandra subpair. Let T be an algebraic subgroup of K. Then (g,7T)
is a Harish-Chandra pair and (h,T) is its Harish-Chandra subpair. Therefore, we
can consider the functors ' r : M(g,T) — M(g,K) and I' 7 : M(h,T) —
M(b, K) and our notation seems ambiguous. On the other hand, by inspection of
the construction of Zuckerman functor I' it is evident that the following diagram
of functors commutes:

M(g, T) —Z5 M(g, K)

Forl JVFor

This eliminates the above ambiguity.
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5. DERIVED CATEGORIES OF (g, K)-MODULES

5.1. Derived categories of (g, K)-modules. Let (g, K) be a Harish-Chandra
pair. We denote by D*(g, K) the derived category of the abelian category (g, K)
consisting of bounded (resp. bounded from below, bounded from above) complexes
for x =b,+, —, .

Let (h, K) be a Harish-Chandra subpair of (g, K). First we observe that that
forgetful functors from D*(g, K) into D*(h, K) have left and right adjoints under
certain conditions.

First, by 3.1.1, the functor indgg’lig : M(h, K) — M(g, K) is exact and lifts to

exact functors indgg’% : D*(h, K) — D*(g, K).
Moreover, by 3.1.2 and [1, Ch. 5, 1.7.1], we have the following consequence.

5.1.1. Theorem. The functor indgg’llg : D*(h, K) — D*(g, K) is a left adjoint of

the forgetful functor from D*(g, K) into D*(h, K).
The category M(h, K) has enough of injective objects by 4.1.5. Moreover, the
functor progg’ﬁg s M(h, K) — M(g, K) is left exact by 3.2.3. Hence, by [1, Ch. 5,

3.1.3], the derived functor Rprogg’llg : DY (h,K) — DT (g, K) exists. In addition,

by [1, Ch. 5, 1.7.1], we have the following result.

5.1.2. Theorem. The functor Rprogg’llg : DT (h,K) — D7 (g,K) is a right ad-

joint of the forgetful functor from D% (g, K) into D (b, K).
If K is reductive, the functor progg’g : M(h, K) — M(g, K) is exact by 3.2.6.

Hence, it lifts to exact functors progg’g : D*(h, K) — D*(g, K).
Moreover, by [1, Ch. 5, 1.7.1], we have the following result.

5.1.3. Theorem. Assume that the group K is reductive. Then the functor progﬁ’g :

D*(h, K) — D*(g, K) is a right adjoint of the forgetful functor from D*(g, K) into
D*(h, K).

In other words, Rprogg’gg = progg’flg in this situation.

Assume now that T is a closed subgroup of the algebraic group K. Since the
category M(g,T) has enough of injective objects by 4.1.5, the Zuckerman functor
Trr: M(g,T) — M(g,K) has a right derived functor RT'gk. 7 : DT (g,T) —
Dt (g,K).

Let (g, K) be a Harish-Chandra pair and (h, K) be a Harish-Chandra subpair.
Let T be an algebraic subgroup of K. Then (g,T) is a Harish-Chandra pair and
(h,T) is its Harish-Chandra subpair. Since the forgetful functor from M(g,T) into
M(b,T) maps injective (g,7T)-modules into injective (h,T)-modules by 3.1.4, it
follows that the diagram of functors

DH(g,T) =25 DH(g, K)

ForJ( lFor

D+(h7T) RF—M> D+(h7K)

commutes, and explains the ambiguity in notation.
Moreover, by [1, Ch. 5, 1.7.1], we have the following result.
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5.1.4. Theorem. The functor Rk : DT (g, T) — D" (g, K) is a right adjoint
of the forgetful functor from D (g, K) into D (g,T).

5.2. Cohomological induction. Let (5, T') be a Harish-Chandra subpair of (g, K).
Consider the forgetful functor from D (g, K) into D (h,T). We can view it as a
composition of two forgetful functors, the forgetful functor from DT (g, K) into
DT (g, T) followed by the forgetful functor from D% (g,T) into D¥(h,T). By 5.1.2

and 5.1.4, it follows that the forgetful functor DT (g, K) into DT (h,T) has a right

adjoint RT'x 7 o Rprogg’g.

We define the cohomological induction functor RIEE’;()) : DT (h,T) — DT (g, K)
as the composition RI'k 1 o Rprogﬁ’g.

5.2.1. Theorem. The cohomological induction functor RIEgtIT()) : DT (h,T) —

D™ (g, K) is a right adjoint of the forgetful functor from D (g, K) into DT (b,T).
5.2.2. Proposition. If the group T is reductive, we have

RIEE - Doy
5.3. Cohomological induction in stages. Let (h,T) be a Harish-Chandra sub-
pair of (g, K). Let ([,S) be a Harish-Chandra subpair of (h,7"). Then (I,5) is a
Harish-Chandra subpair of (g, K).

Therefore, if we consider the forgetful functor from D% (g, K) into DT (I, S), we
can view it as a composition of the forgetful functor from D* (g, K) into D' (h,T)
followed by the forgetful functor from DT (h,T) into D¥(I,S). Considering the
adjoint functors, we immediately get the following result.

5.3.1. Theorem. The cohomological induction functor RIE?’S) : DT(,S) —

D (g, K) is isomorphic to nggjgf)) oRIEE’ST)).

5.4. Induction of algebraic representations of reductive groups. In this
section we explain how “classic” induction of representations fits into the cohomo-
logical induction picture.

Let K be an algebraic group and H its closed subgroup. Then we can consider
the category M(G) of algebraic representations of G and the category M(H) of
algebraic representations of H. Moreover, we can identify these categories with
the categories M(g,G) and M(h, H), respectively. Analogously, we can define
the derived categories D1 (G) and DT (H), respectively. Moreover, we have the

cohomological induction functor RIEE}’% : DT (H) — D*(G). This functor is a

right adjoint of the forgetful functor from D*(G) into Dt (H) by 5.2.1.
Assume now that G and H are reductive groups. Then, by 3.2.6, the functor

progg:g; : M(H) — M(g, H) is exact. Moreover, by 5.2.2, we have RIE%:% =

RTg m o progg’g;. On the other hand, the functor I g is a right adjoint of the
restriction functor from M(G) into M(H). Therefore, for any irreducible algebraic

representation V' of G we have

H JH
Home (V, Ta, i (progl ) (U))) = Homg ) (V, pro&34) (U)) = Homp (V, U)
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for any algebraic representation U of H. Since H is reductive, the functor U —
Homp (V,U) is exact. This in turn implies that the functor

U — Hom¢(V, FQH(proEg:g% )))

is exact for any V. Since K is reductive, any algebraic representation is a direct sum
of irreducible representations, and therefore the functor I¢ g = I'q g o proggzgg :
M(H) — M(G) is exact. We call this functor the induction functor. By 3.2.2,
I u is a right adjoint of the restriction functor from M(G) into M(H). In partic-

ular, we have a version of “classical” Frobenius reciprocity.

5.4.1. Theorem. Let V be an irreducible algebraic representation of G. Then we
have

Homg (V, 15 (U)) = Homy (V, U)
for any algebraic representation of U.

Since Ig is exact, it lifts to the functor between corresponding derived categories
15 : D*(H) — D*(G). In particular, we see that the following result holds.

5.4.2. Theorem. The functor1$ : DT (H) — DT (Q) is isomorphic to the functor
RIS D¥(H) — D*(G).

5.5. A vanishing theorem. Let (g, K) be a Harish-Chandra pair. Let T be an
algebraic subgroup of K and § a Lie subalgebra of g. Assume that

(i) b is invariant for the action of T
(ii) t=¢tnNh;
(iii) g=Ct+ .
Then (h,T) is a Harish-Chandra subpair of (g, 7).
Consider the biadditive map « : U(h) x U(t) — U(g) given by a(&,n) =& -7,
for € e U(h) and n € U(E). Since
a(-¢n) =¢&-¢C-n=al&C-n)
for £ € U(h), n € U(E) and ¢ € U(t); the biadditive map « defines a linear map
B U(h) @y U(E) — U(g) where we consider U(h) as a right ¢(t)-module for
right multiplication and U(#) as a left U (t)-module for left multiplication.

Using the conditions (ii) and (iii) and Poincaré-Birkhoff-Witt theorem we imme-
diately get the following result.

5.5.1. Lemma. The linear map (3 : U(h) @y UE) — U(g) is an isomorphism.

If we consider U(h) @y ) U(E) as a left U (h)-module for left multiplication in the
first factor, and U(g) as a left U (h)-module for the left multiplication, g is obviously
an isomorphism of U (h)-modules.

Let i : U(8) — U(g) be the natural inclusion. Let U be a g-module. Then the
composition of A € Homy (U(g), U) with ¢ defines a linear map « from Homy (U(g), U)
into Hom¢ (U (¢),U). By 5.5.1, this map is a linear isomorphism.

If U is a (h, T')-module, then the isomorphism « : Homg (U(g), U) — Hom(U(¢),U)
intertwines the action of T' on both modules described in the definition of pro-
duced functor. Therefore, v induces and isomorphism § of algebraic representa-
tions Homy (U (g), Upry and Homy(U(€), U)) of T. Clearly, it also intertwines the
t-actions on these spaces.

Therefore we have the following result.
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5.5.2. Lemma. The following diagram of functors commutes:

(a,7)

pro b.T
M5, T) —=25 M(g,T)

Forl lFor .

MET) ——— M(e,T)

PTo(( 1)

Since forgetful functors map injectives into injectives by 3.1.4, this implies the
following result.

5.5.3. Lemma. The following diagram of functors commutes:

Rprom’p
D*(h,T) —=2 D*(g,T)

Forl lFor .

Applying the functor RI'k 1 to this diagram, and using the remark that it com-
mutes with forgetful functors we conclude that the following diagram of functors

commutes
I(B JK)

D*(h,T) —> D*(g,K)

ForJr lFor .

Assume now that in addition
(iv) algebraic groups K and T are reductive;
holds. Then by 5.4.2 we see that

I(BvK)

D+(haT) ﬁ) D+(97K)

Forl J{For

D*(T) — D*(K)
IT
commutes. Since the induction functor IX : M(T) — M(K) is exact, we conclude

I(ng)

(b.T) vanish and the following result holds.

that higher derived functors of

K)
T)

5.5.4. Theorem. Assume that conditions (i)-(iv) hold. Then the functor Igﬁ’
M, T) — M(g, K) is exact.

6. FORMAL BOREL-WEIL-BOTT THEOREM

In this section we construct irreducible finite-dimensional representations of a
connected semisimple algebraic group G via cohomological induction. This con-
struction is a formal analogue of the Borel-Weil-Bott theorem.

Let g be the Lie algebra of G. Let t be a Cartan subalgebra of g and R the root
system of the pair (g,t) in t*. For any o € R, let g, be the corresponding root
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subspace in g. Denote by R' a set of positive roots in R. We put n = Dacrt a-
Also let b = t @ n. Then b is a Borel subalgebra of g and n = [b, b] its nilpotent
radical.

Let W be the Weyl group of the root system R. The set R™ of positive roots in
R determines a basis B of R. The basis B determines a set of simple reflections in
W and defines a length function £: W — Z, on W. We put

W(p) = {w e W | l{(w) = p}

forpe Z,.
Let T be the Cartan subgroup of G corresponding to t. Then T is an algebraic
torus.

6.1. n-homology as an adjoint functor. Clearly Ad(T) normalizes n. Hence, for
any (b, T')-module V' the module V;; = V/(n-V) is a (b, T')-module with trivial action
of n. Therefore, we can view it as a (t,7')-module, or as an algebraic representation
of T. Therefore, we can view V — V; as an additive functor form M(b,T) into
M(T).

On the other hand, any algebraic representation of T we can view as a (b, T)-
module on which n acts trivially. This defines an exact “forgetful” functor F' from

M(T) into M(b,T).

6.1.1. Lemma. The functor V. —— V, is a left adjoint functor of the functor F
from M(T) into M(b,T).

Proof. Let V be a (b, T)-module and U an algebraic representation of 7. Then we
have

Homp, 7 (V, F'(U)) = Homp, 7y (F(Va), F(U)) = Homp(Vy,, U).
O

If we forget the T-action and restrict the action of b to n, the functor V — V,
is the zeroth Lie algebra homology of V' with respect to n.

On the other hand, since T is reductive, for an algebraic representation U of T,
b’T)(U) = U(b) @y U is a projective object in M(g,T). Moreover,

t,7)
the adjointness morphism indgf’g)) (U) —> U is an epimorphism, as we discussed in

3.1.5. This implies that the functor V +—— V; has a derived functor from D~ (b,T")
into D=(T).

We can consider U(b) as a left n-module for left multiplication and right t-
module for right multiplication. By Poincaré-Birkhoff-Witt theorem, we see that

indEf’TT))(U ) is a free n-module. Therefore, the composition of the left derived func-

tors of the functor V +— V,, from M(g,T") into M(T) composed with the for-
getful functor from M(T) into the category of vector spaces agree with Lie alge-
bra homology with respect to n. Therefore, by abuse of notation, we denote by
Ho(n,—): D~ (b,T) — D~ (T) the left derived functor of V +— V;.

From the standard complex, we see that the left cohomological dimension of
the functor zeroth n-homology functor is finite. Therefore, the left cohomological
dimension of the functor V +—— V;, is also finite. Therefore, the functor He(n,—)
extends to an exact functor from D(b,T) into D(T') of finite amplitude [1, Ch. 5,
3.4.5]. In particular, we can view it as a functor from DT (b, T) into D*(T).

By 6.1.1 and [1, Ch. V, 1.7.1] it follows that the following result holds.

the module indE
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6.1.2. Theorem. The functor He(n,—) : DT (g, T) — DT(T) is a left adjoint of
the forgetful functor from DY (T) into DT (b, T).

6.2. A Frobenius reciprocity. Combining the adjoint pairs from 5.2.1 and 6.1.2,
we get the following diagram of functors

R G
For (6,7)
DHT)____ T DYeT)__ —D¥G)
B -~
Hqy(n,—) For

where red arrows represent right adjoints of the blue arrows. This implies that
the composition of red arrows is a right adjoint of the composition of blue arrows.
Therefore, we have the following result.

6.2.1. Theorem. The functor RIEb T; D¥T) — D*(QG) is a right adjoint of the

functor Hy(n,—) : D*(G) — DY(T).

6.3. Borel-Weil-Bott theorem. Let p be a weight of 7. We denote by C,, the
one-dimensional representation of T' corresponding to the weight p.

Let F) be the irreducible finite-dimensional representation of G with lowest
weight A. Since the category M(T) is semisimple, by Kostant’s theorem, we know
that

dimn

H.(n,D(Fy)) @D B Cuopr—pss | )

weW (p)
Let p be a weight of T'. Then, by 6.2.1, we have

Hom p-+ () (D(F)), RIS (D(C))[g]) = Homp s () (Ha(n, D(F))), D(C,.)[q))

dimn
= Homp+ () @ D @B Cupxpyp | pl; D(CL)d]
weW (p)
Therefore, Homp+ () (D(F), ngg % (D(C,))lq]) = 0if 11 is not equal to w(A—p)+p

for some w € W. If u = w(\ — p) + p for w € W(p),

Hom () (D(Fy), RIEF (D(C,))[g]) = C
if ¢ = p and

Hom p+ () (D(Fy), RIS (D(C,)[g)) = 0

otherwise.
This implies that R? Igg’%((cwp\,p”p) = F) for p = {(w) and zero otherwise.

6.3.1. Theorem (Borel-Weil-Bott). Let A\ is an antidominant weight of T and
w € W. Then we have

R Igg %(Cw(A*pHp) = I\
and
R 1) (Curpyip) =0
for p # L(w).
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