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(Sf)gg;;}of Continuous Functions
> B metric space}

» C(X) ={f: X — R | fbounded and continuous }
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Theorem 5/,;4‘/

C(X )”/’é a [completel metric space.
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LastTime:

» Defined Normed Vector Space:

» Vector space V (over R) and a function V — R,
written v — ||v/|| satisfying
~

» |lv][>0and|lv|][=0=v =0

> [lav]|| = |a|l|v||foralla e Rand v € V.

-~

» Forallu,veV

[lu+ VIl < flull +[[v]]

. A
(triangle inequality)
» This gives a metric space V, d where ﬂl}”

d(u,v) = [[u—v||




Examples

» R"” with any one of the following norms:
> \.__‘

n
1t xa)ll =D I
i=1

n 1/2
161, o)l = (D xl?)
i=1

(X1, Xn)||loo = Max{|x1|,...,|Xn|}

» The space C(X) of bounded continuous functions on
a metric space X, with norm

]l = sup{[f(x)[}
xeX



Visualize norms on R?

» Norms determined by the
» Unit sphere {v : ||v|| =1} or
» Unit ball {v : |Jv|| <1} v

» Picture in R?: ey
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Spaces of Continuous Functions

» X metric space

» C(X)={f: X — R | fbounded and continuous }

» Norm (|f|| = sup,ex{|f(x)[}

» Theorem
A sequence {f,} in C(X) converges to f € C(X)

— {

f, converges to f uniformly on X.
—
S
/ ( ¢\

— 0



Proof

>@n the norm of C(X) <—
» For any ¢ > 0 there exists N so that

|f,—f|]|<e foralln>N <=
» For any € > 0 there exists N so that

sup|fa(x) — f(x)] <e foralln>N <«
xeX

» For any ¢ > 0 there exists N so that
|f,(x) — f(x)| < e foralln> N and forall x € X

which is the definition of uniform convergence.









/j =

C(X) is a complete metric space.
[A1X) s a comp P

— ¥
Proof:
P
> Let {f,} be a Cauchy sequence in C(X). Yr
» Ve > 0 3JN such that m,n > N = |f(x) — f(x)| <'[

> In particular,for each x € X, {f,(x)} is a Cauchy
sequence in R, has a limit (x). -

» Get a function f : X — R so that fa —>ﬁpointwise

» Need to prove convergence is uniform.
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» Given ¢ > 0: M/_‘E;’ n 7 $MU]
» 3N = N(e) such that e

m,n> N = |fo(x) — fn(X)] <€¢/2 VX e X
» M = M(x,¢) suchthat m > M = |f,(x) — f(x)| < ¢/2

iven x € X, choose
m = m(x,e) > max(N(e), M(x, €)). fV (&

» for this m(x, ¢), the above inequlaity gives M 6‘)9
Ifa(x) — f(X)] <e Yn> NandV x € x. -

» Done!
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Remark

This proof shows how powerful Cauchy’s condition is:
— )

Ve > 0dN suchthat m.n> N :>{d(xm, Xp) < € z
n- = -
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Important Examples

» X compact metric space. Then

C(X)={f: X—R | fcontinuous }

=

(boundedness is automatic)

g :[‘0—71] [d')bj



> X ={1,2}
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Space C(X ,@)

» If Y is a metric space, can define C(X, Y)

» If f,g € C(X, Y), their distance is defined by

D(f,g) =

» Check this is a metric.



Functions on/C([0, 1])

. (Let 1:¢([0,1]) — R be dem
@ 1) = [ 160 dx

» Is | continuous? M
i flaes = [T <€
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> Definef): C([0, 1]) — C([0, 1]) by

X = vrdeF
!(-f):/o (At g g
= 5

. )
» Is | continuous? Jer=o.
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G‘(qu” c =

» Letlc'([0, 1]))c ¢([0, 1]) be the subspace of
continuously diffféntiable functions, that is,

C'([0,1]) = {f: [0,1] — R :’f/exists and is continuous }
Sontinuous

form on C' = restriction of norm on C.)
» Define(D : C'([0, 1]) = C([0, 1]) by

L

\ D(f) =1
» Is Econtinuous? (‘(}:,1/

C‘ Con,('al‘a:'
v 3o g6 Il ees = U +l<e
E=o
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Other norms on C([0, 1])

|

|f||§ (/ |f(x) |2dx) /2

— (1P, = sepp 1o

ke X



@e p-Norms, 1 < p@

» General formula, if 1 < p < oo

1 1/p
Pl = ([ 1rp ax)”

» and for p = oo

Iflloc = sup |f(x)

x€[0,1]
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Similar formulas in R” = C({1,... n}):

Replace integrals by sums
If x = (x1,...,Xn)

Il = (00l + - xa)

and
[ X]|oo = max{|xi],...,



» Pictureforn=2

Figure: Unit Balls of p-norms in R?

» Figure shows, from inside out,
p=1,7/6, 3/2, 2, 3, 7,



» In R"” (n an integer) all norms are equivalent.
» Example:

-2 -1 0 1 2

» Shows that 1 < [|x||1 <2 0n ||X]|s = 1



» Same:
[[X[]oo < [IX[1 < 2[|X][o0

on RR2

» On C([0, 1]) have
I+ < [If]]oo
» But no constant C > 0 such that

Clifllr < [flls
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Completeness?






lEquicontinuity) Conpact s0bit
o C(¥
X thef) mere

» Definition
A subset (family) F c C(X) is equicontinuous <—
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