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Integration

» Problem: define integration over k-dimensional
subsets of R".

» In this context need to understand:

» Integrands
» Domains of integration

» Integrals



Model: Line integrals (k = 1)

/f“

» Looked at

where
» U C R” open.

» ~v:[a,b] — U a parametrized curve.
» w aone-form on U (written w € A'(U))
» One-form on U means a function
w: UxR"— Rwritten (x,Vv) — wx(V)

which is smooth in x and linearin v



» By definition

[y“ = /ab%u)(v’(t))dt )

» There exists a unique collection of smooth functions
Pi...,Pn: U— Rsuch that

w = Zn:pi ax;
> Writing y(t) = (y1(£), ..., (1))

[-] b (Z p() (D))



» Give the integrand in (1) a name.

>
7w = wyn (Y(1))at
is called the pull-back of w to [a, b]
» The definition of line integral now reads
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Independence of Parametrization

v

v : [a, b] — U smooth curve.

¢ [c,d] :— [a, b] smooth, strictly increasing and
surjective.

F=~o¢:[c,d] - U

Then for all w € A'(U)

[

¥ Y

» Follows from the ¢hange of variables formulafo
integrals
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Higher Dimensions

» For k-dimensional integration in an open set U C R”
we will need to define the corresponding objects:

» Integrands: smooth k-forms w € A%(U).

» Domains of integration: smooth maps ¢ : D — U,
where D is a domain in RX.

foofew

» Integral:



» For this to make sense need

» Definition of k forms w € AK(U) ..

» Definition of pull-back ®* : AX(U) — AX(D)

» Definition of the integral

/D:/f\k(D)—>R



» If n € AK(D), where D is a domain in R¥, then

/n_/qﬁh,... )dt ... it

an ordinary multiple integral.

» For all this to have geometric meaning, wnat
Independence from parametrization

» This should follow from change of variable formula for
mutiple integrals.



Summary

Differential forms reduce the theory of integration over
k-dimensional subspaces of R" to ordinary multiple
integrals over domains D c R,
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Domains of integration e %,E el
\U<m

» Want to reduce to I¥, the cartesian product of k
intervals: =

k
k=[] labl, a.bicR, a<b:. (4)
i=1
» Not open.

» If C C R¥is compact, say f: C — R is smooth if it
extends to a smooth function on some neighborhood
of C.



» If f: 1K — R is continuous can define

-—

f(t. ... t) dt; ... di

Ik

as
» Limit of Riemann sums

P
» |lterated integral
] ceres

Ce &t

f«f@,e_)ﬂ‘f’ ~ o s




4

ﬁ=)tl(L,7;chh) -k, Cen j/ j;fcf,cm) As Ao

o — :
e Tk
S bene - Ww~=(» For D c R¥, if D is compact, then 3 sets I¥

L with D cC I¥,
74;,—’% Given f : D — R continuous, extend by 0 to
g : I¥ = R, no longer continuous.

o g o »| If g is Riemann integrable, could define
fitts g 9 ’

0@«\( o C(If—
pubia2

/f(t)dh o= [ g(bydt ... dt
D 1k

K

k—ﬁ
j}f y YG//’;

i i/ fzp Hf
Q
T 7Cze}°-§ ) N PR

v
pot ot Q



Support of a function

» If X is a metric space and 7 : X — R is continuous,
the support of f is defined to be € loScre

supp(f) = {x € X : f(x)# 0}

—

» If f € C(R¥) and supp(f) is compact, can define

f(tyat = [ f(t)at

Rk I«

for any I¥ containing supp(f).



YA

> Diffeyétial forms should be (linear) functions on a
space that contains the tangent spaces to the images
of the maps o

» Given vectors v, ..., vx € R” linearly independent,
want a way to manipulate the subspaces

{ttV1+"‘+thk10§t§1}CRn (5)
S

( the parallelipiped spanned by vy, ..., vk)
and their volumes
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%’ The Grassmann Algebra

V24
% ”1:\7 » For each k, 1 < k < nwant a symbol

Vi A VoA, -+ A Vi

that represents the parallelipiped (7).

» Operations on these symbols that reflect the
geometry.

» Example:
Vo AVIAVg-- AV =—=Vy AVa--- N\ Vg

reflecting change of orientation.



Define The Grassmann Algebra
» Start with R” with its standard inner product x - y and
it standard ON basis ey, ..., e,
» For each increasing sequence / of k integers
I={i,...)ik}with 1 < <b<---<ik<n
define a symbol

e =e,Ne,N---Nej

» There are ( Z ) = #lk), such symbols.



v

v

v

v

For k = 0,..., ndefine spaces A* = N*(R") by
A° =R

For1 < k <n,

A¥ = the R- vector space with basis {e;: card (/) = k}

dim(A¥) = ( p )

A' = the original R” with basis ey, ..., e,



Product

» If I ={ii <--- <k} as above, write|l| = k

» If || = k and |J| = ¢, define e; A e, by

_ 0if INd #0,
e’AeJ_{ (I, J)ex it 11 J = 0. ©

» K and ¢(/, J) defined as follows:
» Let /U J denote the sequence {1, ..., ik, J1,...Ji}

» K is the sequence /U J arranged in increasing order.

» ¢(1,J) is the sign of the permutation that takes /U J to
K.



» This determines a product
NE N — AR
» Ifa=>,aeand b=>_,b,ey, then

a/\b:Za,bJe,/\eJ
1,J

» This sum can be rewritten, using the definition of
e N e, above, as
Z Ckek
K

Thisis aA b.



» Multiplication is associative

(anb)nc=aA(bAc)

» Distributive law holds
(a+b)Ac=anrc+bArc
» Ifae Afand b e N, then

bra=(-1)"anb



» AX(R") has an inner product, with {e, : |/| = k} as
ON basis.

» Explicitly, if |/| = |J|
O _ae)- O e)=> ab
j J i

and 0 otherwise.
» The corresponding norm is

al=1)_ael= ‘/Za?
i /



» Ifvq, ..., vk € R™ are linearly independent, then

Vi A--- A Ve € N(RD)
—+
represents the oriented parallelipiped (7)

{ttvi+-- + v, : 0<t; <1}

(

» The norm
Vi Ao A V|
AN AV
is the k-dimensional volume of the parallelipiped.
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Reality check

» Vi,..., V are linearly independent and w = linear
combination of vo, ..., v, then

[VL/\\VQ/\"‘/\V[(:(

» Same is true for volume



» Example: for k =2

ViAVe=(vi+aw)Awv, forall a eR

» Picture for area:

f Ame 4/\6@
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» Fork =n,ifvi=Ae fori=1,..., nthen
ViAo AV =det(A)es A--- A ey

» Known | det(A)| = volume of parallelipiped.



» IFk=2,let
a1 ape

)

a4 a
A— D 4 22
an,1 an72

» Letvi =) ;a1 and vo =) @06

» Check
ai1 aipz
a1 g2

V1/\V2:Z

i<j

€N €




» Fork =n=2get
viAV = + area of parallelogram {t;vi+6v2: 0 < t; < 1}
» equivalently
Vi A Vo =det(A)er A e
» equivalently

| det(A)| = area of parallelogram



» For k =2 and n= 3 get v; A v, is the sum

air ape
a1 ap

aig ape

)

asq1 asp

)

a1 a2

)

as1 dasp2

)

e1/\ex+ eiN\ez+ e>/\e3

» This looks like the cross product v; x v,

(

ain a2
dzi dasp

a1 aip
a1 a2

doq do2
as1 asp

)




» In any case, the two vectors have the same

magnitude:
|V1 VAN Vg‘ = ’V1 X Vg‘

» So the new formula |vy A vz| and the old formula
|vy X v| for the area of the parallelogram agree.

» Similarly one can check the case k =n=3
|V1 A Vo A V3| = |det(A)| = |(V1 X Vg) . V3| etc

for the volume of the parallelipiped.



General Formula

» The cases already discussed:
» k=1, narbitrary
» k =2, narbitrary, particularly n = 3,
» k = n, particularly both = 3.

are the most common

» General formula:
If fOI’j =1,...,Kk, Vi = 27:1 a;jej /\1(Rn),
then vy A - -+ A v is given by

D

h<-<ig| @j 1 --- ik

a1 ... Ak
e, N---Nej

(7)






Differential k-forms in R” (k < n)

v

v

v

v

k-dimensional integrands in R" are the differential
k-forms.

U c R" open.

A (smooth) differential k- form on U is smooth
function — —
w:Ux /\Q(]R") —R

written w,(w) for x € U and w € A¥, which is smooth
in x and linear in w.

Notation: A%(U) = {w : w smooth k — form on U}
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> If e1, . e,7 is an ON basis for R”, w is determined by

forall I = {iy <--- <y}.

= wx(el)

» Write e, = e, A - - - A g, for the basis elements of A

érte>dx’ dx;, A -+ A dx; for the dual basis of
/\k
pudl oy U €=

MI/“ )ﬂ\’n,

W



» Then
W= alx)dx

1
» Explicitly

w= > @ (X)ax, A A, (8)
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» Let A: R™ — R" be a linear transformation
(A€ L(R™R"))
» Define the associated linear transformation

NKA : AS(R™) — AK(R™)

by
NeA(e)) = Aei, A Ae, A -+ A Aeg;,

» Also called the induced linear transformation.



» Often it’s easier to say that A¥A is defined by
NA(VE A - Avg) = Ay A=+ A Ak
forall vq,...,vx € R™.

» Since
{V1/\~-/\Vk : V1,...,VkERn}

spans Af(R™), AkA is determined by these values.

» To know that the definition makes sense, that is,
Avy A - A Ay, depends just on vy A - -+ A Vi, Need

ViA--AVe=0= Ay A---NAv, =0



» This is equivalent to

Vi, ..., Vg linearly dependent
=
Avq, ... Ay linearly dependent

» Clear



Pull-back

» VCR™ UcCR"open sets
» f: V — U smooth map
Pull-back AK(U) — A*(V) is defined by

v

(f*w)t(w VANCEIVAY Vk) = Wf(t)(dtf(w) VANERIVAY dtf(Vk))
forallte Vandforall vq,...,vx € R™

More concisely

v

(f*W)t = Wf(t) © /\kdtf

forallt e V.
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v

v

In terms of coordinates t = (4, ...

X=(X1,...,Xn)

,tm) and

X:f(t):(f1(t1,...,tm),...,fn(t1

W= ZI a/(X)Xm = <<l ai1 ,,,,, ]

Then



» Using (3), this can be rewritten as

Fo= > a.i(f(E)(df)A---Adf,)  (10)

i< <l

> Writing df; = 3_7", 5/dt and expanding df' in the

same manner as (9) we get an explicit expression for
f*w as a sum
> cy(t)at!
J

» Perhaps more useful than an explicit but complicated
formula is to observe the multiplicative properties of
f*.



» If a: U — R is a smooth function, that is, a € A°(U),

let
f*: A(U) — A°(V)

be defined by
(fa)(t) = a(f(1))

» Then (11) says

fOY 0 adxA--Aadx) =Y (Fra)(frdx,)A - -A(f dx;)
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Suggests the following
There is a product

L(A*,R) x L(N|R) — L(N'' R)

defined just as in (8) using the dual basis dx’ rather
than ¢,

Induces a product A*(U) x Al(U) — A/(U).
If w € A*(U) and n € A/(U), then w A n € AH(U).
If f: V — U is smooth, then

f*(w/\n):(f*w)/\(f*@ (11)




Some properties of pull-back

» (wAn)=Ff(w)A Ff(n) as above

» (wy 4+ w2) = Fwy + Fruws

» f:V—Uandg: W— V smoooth maps of open
sets. then

(fog)y =g o : Af(U) — AX(W)

990
<¢(@g9)
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Integration over k-cells

Let D = IX be a k-cell as in (6)

v

v

Let a € AK(D) be a smooth k-form.

Then

v

a=¢(t)dty A A dty

for some smooth ¢ : D — R, t = (4,..., &)

/Da:/Dd)(t)dh...dtk

the Riemann integral of ¢ over D = I,

Define

v



» If o : D — Uis smooth and w € A*(U), define

fo- o



» Would like [ w to be independent of parametrization.

» This means that if E is another k-cell and
o E—D

is smooth, bijective, det(d®) > 0 everywhere on E,

then
[
fegelv] o



» This follows from the change of variables formula
» If ®: E — Dand a € AK(D) as before, then

/d)*a:/a
E D



» More usual formulation:

» If = a(t)dtA,--- A di then

/a(CD(t)) | det(d;)| dit ...,dtk:/a(t)dh ..ty

D

» Note how the absolute vaue | det(d®)| appears,
rathen than det(d®). Results from orientation.



Recall Pullback

» VU, x_f()where
X=(Xt,....Xn), t =(t,...,1n)

>
//w_ji a/ dX/ € Ak U)

sumoverall i = {i,...,ikfwith1 <y <---<ix<n
U — R smooth functions

ax, = C/X,'1 VAN /\dX,‘k



v

The pull-back of w by f is defined as

=3 alf(h)(e)

where

v

(d,f)/ = dify, NGy, A ...

thix

v

And, as usual,

d,f_zal; )

j=1

;/;/ W £ [M &\ L < a(Pw)  Compose
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» Putting all these into a single formula would be quite ép}w{&
long. .
2t LE

> An easy way to remember:
» If a € A°(U) is a smooth function, then *a ¢ A°(V) is

—_—

(fa)(t) = a(f(1))
\raly=antt)

([U/
U — R is one of the coordinate functions, then

Ay, e 6> 1D
fdx; € AY(V) is .
£,

09 (e
— ”gfg (F*(dx;))t = aif; Zat, )at; =f
j=1
of ol

> @—> A(V) is multiplicative = pn.

f'(anb) = fanfb foral aec AX(U),be A (U)

A~

» These properties determine f* uniquely.
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Integrals of k-forms \

» D c R¥ a “domain”, for example D = Z* a product of
intervals.
» If n € A%(D) is a smooth k form, should know how to
integrate n over D:
» n=o(t)dty A--- A diy
» Define

/D - /D (t)dty ... dt, or, simply /D o(t)dt

» RHS is an ordinary k-dimensional integral, a
Riemann integral or itetared integral.

» RHS is independent of orientation, while LHS
depends on orientation.



» Suppose ¢ : D — U is a smooth map.

» May also want to assume d;® is injective at each
teD.

» If w € AK(U) is a smooth k-form, define

/w—/d)*w
® D



Change of Variables Formula

v

Dy, D, domains in R¥

F : Dy — D, smooth, bijective, dsF isomorphism for
all s € Dy

¢ : Do — R smooth function.

Then

v

v

v

&(F(s))| det(dsF)|ds; . .. ds = ¢( tdt .. . it



» The absolute value of the Jacobian determinat
det(dF) comes because of orientation: if F is
orientation reversion reversing (det(dF) < 0) does not
affect these integrals.

» For differential forms n € AX(D,) the theorem says

F*nz/ n
Dy Dy



Independence of Parametrization

» Finally, if & : D, — U is a parametrized k-surface and
f: Dy — D, is a change of variables, then

boF [}

/ (PoF)w= F*(o*w) = / d*w
D1 D1 DZ

since






Recall Torus
Recall we looked at the parametrization
¢ : [0, 27] x [0,27] — R® of a torus Ay o A
x = (a+ b cos¢)cost
y = (a+b cos¢)sinf

Z = bsing

/ ( “ b sengyeosdy

I\ // A
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» Worked out (scratchwork above)
L ) ary 911

m //aercosgb sm¢dgz5/\d9 m\\;%\

» Did this by calculating

d((a+ b cos¢)cosf) Ad((a+ b cosp)sinb) ~ (a-%)i
by following the procedures above. _ (¢4 )
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Reality check: worked out
/ (—b(a+ bcos ¢)sin ¢) dodo
[0,7]x[0,27]

Compared our answer with the area of the projection
of the top half of the torus to the x, y-plane. This can
be done by elementarty goemetry.

If all is correct, one answer should be &+ the other.
It worked!



Formula for Area )
H. A. Schwarz example
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do Paire d'une surfaco courbe.
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