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Lebesgue Integral





Convergence theorems





Compare to Riemann Integral

I f : [a, b] ! R bounded function.
I Riemann integrable )

I Lebesgue integrable
I Integrals agree



I Lebesgue’s Theorem:

Theorem
f : [a, b] ! R bounded function. Then f is Riemann
integrable on [a, b] if and only if f is continuous almost
everywhere on [a, b].

I f continuous a.e. means 9E ⇢ [a, b] such that
m(E) = 0 and f |[a.b]\E is continuous.

I Follow proof of Rudin, Theorem 11.33 (b).



Upper and Lower Envelopes

I {Pk} a carefully chosen sequence of partitions of
[a, b].

I L(Pk , f ),U(Pk , f ) lower and upper sums.

I L(Pk , f ) ! R
R b

a
f (x)dx

I U(Pk , f ) ! R
R b

af (x)dx



I Define step functions Lk ,Uk : [a, b] ! R such that
I L(Pk , f ) =

R b
a Lk(x)dx

and
I U(Pk , f ) =

R b
a Uk(x)dx .



I Moreover, for all x 2 [a, b]

L1(x)  L2(x)  · · ·  f (x)  · · ·  U2(x)  U1(x)

I Limits L(x),U(x) exist and

I L(x)  f (x)  U(x)



I Monotone convergence thm gives
Z b

a
Lk(x)dx !

Z b

a
L(x)dx .

I Thus Z b

a
L(x)dx = R

Z b

a

f (x)dx

I Similarly
Z b

a
U(x)dx = R

Z b

a
f (x)dx



I For x /2 [1
1 Pk ,

U(x) = inf
�>0

sup
|y�x |<�

f (y)

called the upper envelope of f at x .
I Similarly

L(x) = sup
�>0

inf
|y�x |<�

f (y)



If x /2 [Pk , then f is continuous at x iff L(x) = U(x)






