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Differentiable Functions of Several Variables

_____  ——

» Simplest Example:
Linear transformations A: R™ — R”"

» Recall Linear algebra vocabulary:

Vector space

Linear combinations
Linear independence
Span

Basis, dimension
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Examples of (R-)VectorSpaces

» Main example: R":
» dim(R") =n
» Every n-dimensional vector space is isomorphic to R”
» Another example: P" C C(R, R), the space of
polynomials of degree < n.

P ={ay+aix+ax?+ --+ax" : a,...a, cR}
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» Similarly 7V c C(R/Z,R), the space of trigonometric
polynomials of degree < N:

— — =

N
@: {ao+Z(an cos(nt)+bpsin(nt)) : ao, an, by € R}

n=1

Mr'\' A K/
» What are the dimensions of P", 7N?

» C-versions (complex vector spaces)
» Take a; € C in definition of P".

&

> Take SV, cre™ to define TN. v
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Some Infinite Dimensional Vector Spaces
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Linear Transformations
lormations

—

e —

» X, Y vector spaces.
» A: X — Yis a Linear Transformation

Alen=Axi Ay YV ye X
ACar) < aldr/ \/Lza@/f?

X e X
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Linear Transformations and Matrices

» X, Y finite dimensional with bases

{er,.. . em} for X, {fi,... . fo} for Y.
1 (S
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Invertible LinearTransformations

X, Y finite dimensional,

dim(X) = dim(Y),

A: X — Ylinear.

Then Ais one-to-one < Ais onto.
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The Space L(X,Y)
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»/Ac L(R"R") = Alis uniformlym

n fact A'is Lipschitz,with Lipschitz constant||A||.)
' ¢
;—ﬁ
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> A Be L(R",R") = [|A+ Bl <[|All +|B]I-
=4
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A

> Ae L(RY,R"), Be L(R"R¥) = [|BA|| < [|BI| [|All
D

(B < 18I[ Awr < (g0 4u 1wt
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» L(R™ R is a gorme@vectorspace.
» L(R",R™) is a normed algebya




» Let Q = {A e L(R",R") : Ais invertible }.

» Then € is open.
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» The map Q — Q defined by A — A~ is continuous.
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Recall Norm of A € L(R™,R") \\\ ot e ¥re
{/ Mab e 64/‘((5‘6

> ||All = sup{ ' : x € R, x # 0}
\_/__,w

S C
» Equivalent: ||A|| = sup{|Ax| : x e R",|x| =1} }/l l’< #,‘h.

» Characterization:
< C /)4']/ ol
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Comparison with other norms

m
2
> Suppose A € L(R™,R") has matrix (a;,) )
» A takes the column vector x with entries (xi,. .., Xn) W
to the column vector y with entries (y1, ..., y,) given }7 ogg-*é (<
by the matrix product: L( X, y)
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» Schwarz inequality gives, foreach i € {1,...,n}
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» summing over i get

Zy, < Z 312/)(2’92

» Thus

» This inequality almost never an equality.
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Natural Questions

» When is the last inequality an equality?

Ethere a formula for HA@

A fe deayond /2,






» Ae L(R™ R") = Ais uniformly continuous.
(In fact A is Lipschitz,with Lipschitz constant||A||.)
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ABeL®™R") = |[A+ Bl < |A] + 1Bl £ O by
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Ac LR™ R"), B e L(R"R¥) = ||BA| < B |IA]
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L(R™ R") is a normed vector space.
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L(R",R™) is a normed algebra
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Invertible Transformations

Write (L(R™))for L(R",R").
P
: —

Suppose A € L(R") is invertible, so A~ exists.
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AA-1 = (the unit matrix) 4 A«\ — <
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Warning: almost never equality!




> Since x = A~'Ax, get

» Equivalently
" . [ w/e
!' |Ax| > H;meji for all x € R". /JV ( nvE’V
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» We see:

Theorem

»MA is invertible <— o
there existsaconstan@so that A y =0 =7 ¥=

g\AX\ > C,’XS for all x € R" /

» If~ is the supremum of all such C, then
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Inversion W"”Q

» LetQ = {A e L(R",R") : Ais invertible }.
l—//_x\_\

» Then € is open.

» More precisely: (

1
AcQand||A-B||<—=BeQ
Acand A= Bl <z = B2 ¢

~__

» In other words, A € Q = B(A, llAl‘ll) cQ
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» The norms of the partial sums are majorized by

o0 N4
1

> Converges by the assumption\||B — A|| < ;7L

» We also get the estimate (Rudin, proof of Thm 9.8)
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» The map Q — Q defined by A — A~" is continuous.

—

» Fix Ac Qand for B € B(A, rz) Write

AT

i
- B'—A' B '(A—BA"
» Get — ) [[/(’_,?”.);o
||Bf1_Af1H< |A71||2||A_B| Wy 6 &
A SEAT B A 25

which convergestoO as ||[A— B|| — 0 p



Inversion is Rational

v

From Linear Algebra we know more facts about _A—1.

» For example, if A has matrix (a;), there is a M [ch J
polynomial det(A) of degree nin the a;; called the /
determinant.

b

» Ac Q<= det(A) #0 {he nérer
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Formula for A~

» Given a € L(R"), let C(A) denote the matrix of
cofactors of A.

» The entries of C(A) are polynomials (of degree n— 1)

L) -

» Classical formula
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» If n=2and d —C
a,b — A
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Differentiation in Several Variables f g

v

Setting: U c R open, f: U - R", x € U.
s

What does it mean for f to be differentiable at x?

v

What is the multi-variable analogue of r 3; f

v

v

Problem: can't divide by (h)e R™ for m > 1.
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> Let?z): f(\x + h) _":(i(l_ f’(x/)@ ot

» Then ‘/7
fx + h) =f(x) = '(x)h +gr(hi§
where r(h) is “small”. ¢ -

» How small?

@ : A-? |






» means r(h) — 0 faster than any linear function of h.

—
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» Another notation:
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Definition of differentiability, derivative

)

&7,

» Let U C R™ be ‘open]let f-U—R"letxcU.

» fis differentiable atx if there exists a linear
transformation

A:R" - R"
so that
f(x + h) = f(x) = Ah +©(|h)
» Equivalent formulation: Bh
AR i XN — ) — A A p)hno (a
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» If A exists, it is unique
er

» If A exists, it is called the derivative of f at x

—

> Notationor (RUdin)
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Partial Derivatives, Jacobian Matrix
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Recall:Definition of differentiability, derivative

» Let U C R"be open, letf: U— R letx € U.

» fis differentiable at x if there exists a linear

transformation
A:R™ 5 R"

so that

(% + ) —fx) @+o|ﬁ|

» Picture
v e R™ p 2/\
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» If Aexists, it is unique / @

» If A exists, it is called the derivative of f at x
——

» Notation:/d,f|or (Rudin) '(x).

» dyf is the best linear approximation to f at x.

» f differentiable at x = f continuous at x. ]
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Partial Derivatives, Jacobian Matrix

—

» f differentiable at x = all partial derivatives of f at x

exist.
(4
» In fact. 70 tﬂ(’ CP.F))««)
of ‘ Vs
X B 8_)(;(X):dxf(e’) e
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Warning: Existence of partials = differentiable. .
Example: f : R? — R defined by [ st fim wet Ccoerve

EX "
2 1f(x.y) #(0.0) g
f(X,y) — x2:l-y2 - ) ) ’ Vs
0if (x,¥)=(0,0). c%
f(x,0) = 0 for all x = 2£(0,0) = 0. 7
Similarly 21(0,0) = 0.

But f(x, x) = § for x # 0 = f not continuous at (0, 0).
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» Suppose f is differentiable at x.

» dif(e) = g—)’; =the matrix of d,f is the Jacobian

matrix |

(6},)«( [(& W

of o of

‘OX;  Oxe T OXm

o oh oty

OX4 OXo e OXm

ofy  Ofy Ofy

0X4 OXo e OXm

» Note that the i column is the vector d,f(e;), where
{ei,...,en} is the standard basis of R".

» More precisely, the entries of the columns are the
components of d,f(e;) in the standard basis of R".
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|df|| bounded=- Lipschitz

Theorem

U c R™ open and convex, f : U — R" differentiable.
Suppose there is constant _/\L such that

|dyf|| < M\for all x € U

If(y) — f(x)] < M|y — x| forall x,y € U.
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—
Theorem

U c R™ open and convex, f : U — R" differentiable.
Suppose that - ‘

ayf =0forallx e U
—

then f is constant.







Functions of class ('
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