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Inverse Function Theorem /

G

\g » U C R"open, f: U — R" continuously differentiable.
A

\i/ » Suppose x; € U and the derivative dy,f € L(R") is
S . ‘
invertible.

U
v » Then there are neighborhoods N, of x, and Ny, of
Yo

Yo = f(Xo) such that

A X

fo & .

R : » f(Ny,) = Ny, and f : Ny, — Ny, is bijective.

QL'E( *ﬁks > The map g : Ny, — Ny, inverse to f|y, is continuously
v differentiable






Some remarks
» The hypothesis d,,f invertible is equivalent to the

’\ Jacobian matrix——
i (8_1’,()(0))
N 0%
£l )( being an invertible n by n matrix.

Ny

—

» From g(f(x)) = x for x € N, and the chain rule if
follows that

A
5;) dixg = (aef)™" for all x € Ny,
5 &

J Q » Equivalent statement
(g .| d,g = (dg)f) " forally € N,

(dy ) < x"(i |
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Example

» f:R? — R2 defined by
f(s,t) = (gcos(t), Ssin(Q) = (x,y) (polar coordinates)
» Jacobian matrix
(5 8)-(o ool)=
os Ot .
» Invertible if and only if s # 0 (determinant = s)

ent 0)
ot O



» f(s,t+2m) = f(s,t), so f not globally invertible.

» If (Sp, &) has sp > 0, restriction to
(0,00) x (o — 7, o + ) is invertible.
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Proof of the one variable theorem (n = 1)
J ‘”c;%.,«h'*’/’ (,,D'(r‘,\)

» If f'(xo) # 0, say f'(xo) > 0, there is an open interval J _
with xo € J and f'(x) > @> 0 for all x € J. —a—>

&‘——\____' "

» Use LT(X%) — f(x) = @(Xz - )_(_1)3

for all x; < x2 in J and for some & = £(x1, X2) between
X; and X».

> Leta= "0 Get

f(x2) — f(x1) > a(xe — x1) forall xy < xzin J,
R
Y, < £
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We get:

» fisinjective, so f~1: f(J) — J exists.
LIS Injective, so '~ - IJ) = J Xl
»~f~1 is continuous:
Let y = f(x). Then above inequality same as

1 1 1
_— f(yo) — f (}’1)<—§(Y2—Y1)

» [f(J) is an interval: use Intermediate Value Theorem.

N




» f~1is C': Write original equation as

yo—y1 = (y2) — £ (1))

for someff between f~'(y;) and f~'(y»)

» Let Yo — V1. Get

[ (#)— F)
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Proof in n > 1 variables ([ #lieaeh) 9

C

» For n > 1 itis possible to use the existence of a
continuous map A: U x U — L(R") such that £'(%!

1) ~ 1(x) = A0 20)(xe —x)

\ =
to prove the “easier ” statements as in the
one-variable case.
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» A possible choice of A is

fX1,X2 / d)\ )fﬂ

where A(t) = Ay, x(t) = (1 — t)x1 + txo is the straight
line segment from x; to x2

() 469 = Al (8
/
ﬁ/le ver Ll 86 = '4&“\,") (x,-%)
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Will need A(xi, x2) to be defined only for pairs
(x1,X%2) € U x U with |x2 — x| small, so only “local
convexity” of U is needed. OK for U open.

Observe that

C[)H‘U ~Fm < A Cxjxe) h
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Proof could proceed as follows:
> Let a = 2|(dyf) "] = 2[|A(x0, Xo) |-

» Since Ais continuous, the set Q c L(R") is open, and
A(Xo, Xo) = dx, F € Q, Xo has a nbhd N such that
A(x1, X2) is invertible for all (x1,x2) € N x N.

» Since inversion and norm are continuous, there exists
a nbhd N,, of xo, contained in N, so that

|A(x1, %) 71| < a forall Xy, X2 € Ny,

(a as above)



Proof of injectivity

v

Let y; = f(x;). Then y> — y1 = A(Xxy, X2) (X2 — Xy)

v

Apply A(x1, x2) to both sides:
Axi, ) (2 — y1) = X fﬁ\l)

Norms:

v

o
: —
e — x| < [|A(x, %) lly2 =yl < alyz -yl

—

Thus f is injective on N, and its inverse 9p24

f=1: f(Ny,) = Ny, is continuous.

v
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Image is open

» Proving f(Ny,) is open in R" is more difficult for n > 1.
» Intermediate value theorem rests on:

if Jis an open interval in R and x € J, then J \ {x} is
disconnected.

» If n>2, BC R"is an open ball and x € B, then
B\ {x} is connected.
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» Need more topology.

» Rudin appeals to the contraction mapping theorem:

» If (X, d) is a complete metric space, f: X — X is a
contraction, that is, there exists a constant
such that

d(f(x), f(y)) < C.__'d(x, y) forall x,y e X

Then f has a unique fixed point, that is, there is a

unigue xo € X such that@

[
Comr™¥.
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Proof of the Contraction Mapping Theorem

> f has at most one fixed point:
If f(X1) = Xq and f(Xg) = Xo, then

d(xi, X2)) g@éd(xuxg_):d(m )=0

aXZ =
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» f has a fixed point:
Pick x; € X and let x, = f"~'(x3) .
Since Xp1 = f(Xp), d(Xns1, Xn) < C"d(X2, X1)
if m < n, then d(x,, xn) <

d(Xms1, Xm) -+ - 0 (Xoy Xn_1) < (C™ -+ C™2)d (%2, X4)

= {x,} is a Cauchy sequence.
» Let xo = lim{x,}. Then
T\——W

f(X0) = lim{Xp11} = lim{x,} = Xo

Q(Icﬂ 1@{%\% = K\‘,(-‘:[%Jg' q Eget



Example of Contraction ¥ 4

—
Lip-e
f: A" — R” of class C' and such that ((:V e
R
|dif[| < C ~"
4
for all x € R" and for some constant C < 1.
W\Fb/'ﬁ]
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» For IFT need to solve an equation

f(x)=y| -y
> Rewrite e

X =\x+(f(x) —y)

» More generally

x = x +[[(f(x) ~ )

where Lis an invertible\linear transformation.

C
1 (ﬁ[y) y)=?

= fa =



» For each y € R" and for each invertible L € L(R"),

define a map
E: by U — R’”K

¢(x) = x + L(f(x) = y)
» Then f(x) =y <= ¢(x) = x

by

» Challenge: choose (L:)so that we get a contraction of
an appropriate complete metric space.
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Inverse Function Theorem
61

» U C R"open, f: U— R" continuously differentiable.

» Suppose xp € U and the derivative dy,f € L(R") is
invertible. —~

» Then there are neighborhoods@of Xo and N, of
Yo = f(Xo) such that . :

» f(Ny,) = Ny, and f : Ny, — Ny, is bijective.

» The map g : N, — Ny, inverse to f]NXO is continuously
differentiable
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> LetA:and leta=||A7"||
» Let i
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Recall: Ainvertible,/|B|| < 1l= A— Binvertible.
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> Recall that for any fixed invertible L)e L(R"),

([0 =g = x =+ Ly 100

LG Leyt=o
g 9 zf(r}

» In particular

f(x) = y <= x = x A Ay — 1(x)



» For each y € R”, define amap ¢ = by :V—> R" by
by(X) = X+ A7 (y = (x)

» Then f(x) =y < ¢,(x) = x
cz 22
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> x e(N)= |dyo]| < 3

@ (4= x e £ (- #61)
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> ¢y N — R satisfies

]
[dy(xe) = oy(31)| = 5 x2 — xi

~

» ¢y : N — R"is a contraction

(Lipschitz with Lipschitz constant < 1.)
n
N — R




’Xéf N = Ris inject:)ive
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» Note that for fixed L

¢Y2:( ) ¢Y1( ) (y2_y1)

» Thus
|¢.V2 ¢,V1 | <@|}/2 —}/1

cQ7 (i
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» Want to prove f(N) is open in R”.

» Let x; € Nand y; = f(x1).

» Need tofind p > 0sothat|y — y1| < p=y = f(x) for
some x € N.

NG
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> Fix(f)> 0 so that the closed ball B(xi,r) C N

» Want: p = 5~ works.

» First

-

r
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» Next

6,000 — ()| < 221

» Together:

r
|y—y1|<5and X = Xx1] < r=|oy(X) —x1| < r

¢ Slhe
34
H1eB( 10 77,)/ C;;.‘

¢, (B > )"



[y, -F"

[cpym , 1l

(-t - L1 05 ) -
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» Conclusion:

r
|y—y1|g 2—a’:>¢y:B(x1,r)—>B(x1,r)

F—— ey |

» ¢, is a contraction of the complete metric space
B(X1 ) r)

» Thus there is a unique x € B(xy, r) with ¢,(x) = x

0, A
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Implicit Function Theorem

» If Ae L(R™ x R",R"), write

A= (A A)
Where A, € L(R™ R") and A, € L(R",R"f).
» So,if (v,w) e R" xR, ve R™" weR"
Alv,w)=Awv+Aw
A ®
s Gy o) -7 i
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'//?&fyd?f

IR™ “Ysrm:
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» fUCR"xR"isopenand f: U— R"is
differentiable,(xo, ¥o) € U.

of of
d(Xo,YO)f: ((q(X07YO)f)X (d(Xo,YO)f)}/)) (8X( Oa}/O) @(XanD))

(A N
> Notation not standard

> and stand for blocks of the Jacobian matrlx of f.
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Theorem qﬁ “Kirw) =7
f: U— R" as above, f of class C'.
(X0, o) € U, with xo € R™ and y, € R”
Suppose that

> f(XOa yO) =0
» T(xo, o) € L(R") is invertible
.

v

v

v

oy
Then there exist
» Nbs Ny, Ny, of xg, yo respectively, with Ny x Ny, C U,
» Amap ¢ : Ny = N, of class C',

Such that

{(x,y) € NexNy = f(x,y) = 0} = {(x, &(x)) = x € Ny}

v

v



Picturefor m=n=1

f(x,y) = 0 defines y implicitly as a function of x,

namely y = ¢(x)
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Proofform=n=1

gf 7%
P

1E 0‘(‘/,[ Zo

o

6
4, ()5/7., + 63,

S

e




[ 1
/,A.M P g ! 7€ F[Fq};a
9 6t 4 4

209l /Y
F = PO gy 2o MY,
Sh {(n9)=
/
Show (F o O

J ((I (& yrb)] 2o )

e
L QF L H pla e
14 99

AF (v 9@
yfé'g);ﬂ )

9/} [&/ ?["’)



Same for(@arbitrary n=1
g[/{ R™ xR =1
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dnverse Func Thify = Implicit Func Thm

» Define F: U — R™ x R" by

(x, f(x y
» Then “

f/v/A,

d(Xo }’o <‘70X o ' ar
{‘@ 57 5, btk
is |nvert|ble
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» Inverse Function Thm gives local inverse G defined

near F(Xo, o) = (%.0)
» Check G(u v) = (u,g(u, v)) with f(u,g(u, v)) =

> Let ¢(x) = g(x,0).
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Implicit Func Thm =- Inverse Func Thm

v

Let f: U — R"and yp € U as in Inverse function thm.
Define F : R” x R" by

v

FOc=10—x=

v

Then F(f(y0). ¥o) = 0 and 3 (f(y0). o) = d,f
invertible.

Then F(x, 6(x)) = f(6(x)) — x = 0 & f(§(x)) = x

—_—
——
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Critical Points A R (Rt
' @l',n&)[h}

v

~ o4 a2t
U c R" open, f: U — R differentiable. fo e R [737’ %/
1

p € U is called a critical point of f if 0 ((;/P#) (W)

Equivalently:(2-(p) - -- = S-(p) = 0 f—::/f)"“ =WA) 4
Equivalently: Gradlenti o.;a//\— L~

Know (homework): p a local maximum (or min) for

f = pis critical point for f.
f= piscritalpointfor . ,__,

=R 7
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@on—smgular hypersurface?} =

Cod cmeris
( s

> Suppose g : U — R of class C':

W
» Theset{g=0

is called a hypersdrfacein U. ./ 7
>mthat dpg # 0 forall p e {g = 0}.

» This means that for each p € {g = 0}, for at least one
ie{1,....n}, 52 #0.

» By the implicit function thm, each p € {g = 0} has a
neighborhod N, for which one x; is a C'-function of
the remaining ones.



» To avoid complicated notation, suppose g—i(p) # 0.

» The phasanbd N = N; x No, Ny c R"™", N, C R.
and a C' function ¢ : Ny — N, such that

{9 =0} N (N x Nz)
is the graph of ¢

{(X‘la'"7Xn—17¢(x17"'7xn—1)) :(X17"'7Xn—1) € N1}



v

v

v

v

Conclusion: {g = 0} N (N; x Nz) is in bijective, C'
correspondence with the open set N; ¢ R’

Locally {g = 0} is an open set in R"~".
Called non-singular hypersuface for this reason.

Locally looks like R™' c R”
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Critical points of f|4_0
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