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Critical Points



Differentiable Functions

I f : U ! R, where U open.

I Situation that can be reduced to that.





Lagrange Multipliers





“Surfaces”

I Equations

I Parametric





Examples
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Higher Derivatives





Symmetry of Second Derivatives







Taylor’s Formula





Critical Points





Taylor’s Formula

I U convex nbhd of 0 2 Rn and f : Rn ! R of class C2.
I Then

f (x)� f (0) =
nX

i=1

@f
@xi

(0) xi

+
1
2

nX

i,i+1

@2f
@xi@xj

(0) xixj

+ o(|x |2)

I (Same for f : U ! Rm)

 





Proof

I Start from

f (x)� f (0) =
Z 1

0

d
dt

f (tx)dt

I Apply chain rule

f (x)� f (0) =
Z 1

0

nX

i=1

@f
@xi

(tx)xidt



I Rewrite

f (x)� f (0) =
nX

i=1

⇣Z 1

0

@f
@xi

(tx)dt
⌘

xi

I In other words,

f (x)� f (0) =
nX

i=1

ai(x)xi

where ai : U ! R are C1 and ai(0) = @f
@xi

(0)



I Write ai(x) = ai(0) + (ai(x)� ai(0))
I Next write ai(x)� ai(0) expliicitly

ai(x)� ai(0) =
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0
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@xi
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(0)
⌘

dt

=
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0
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0
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dt

=

Z 1

0

Z 1

0
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=
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0

@2f
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I Thus ai(x)� ai(0) =
Pn

j=1 bji(x)xj where
I bji : U ! R are continuous.
I bji(0) = 1

2
@2f

@xj@xi
(0)

I Put together, gives Taylor’s formula

f (x)� f (0) =
nX

i=1

ai(0)xi +
1
2

nX

i,j=1

bji(0)xjxi + r(f , x)

I The “remainder” term

r(f , x) =
1
2

nX

j,i=1

(bji(x)� bji(0))xjxi

is o(|x |2) by the continuity of bji .





Critical Points



Morse Lemma





Determinants
























