Math 5440 § 1. Final Exam Name: Practice
Treibergs Dec. 7, 2016

Problems from the last third of the class. Half of the final exam will be on problems since the
Final The other half will be comprehensive.

1. Solve
(PDE) U — CPUgy = €' sin ba, for0<z<m0<t;
(IC) u(z,0) =0,
ug(2,0) = sin 3z, for 0 <z <m;
(BC) u(0,t) =0
u(m,t) =0, for 0 < t.

Let us express the solution as a sine series with coefficients depending on time.

oo
u(t,x) = Z Uy, (t) sinnx
n=1

where .
un(t) = 7/ u(t, ) sinnzx dr
0

The time derivatives

n=1
uge(x,t) = Z wp,(t) sinnz
n=1
where
2 (7 .
vp(t) = 7/ ue(t, x) sin nx dz
T Jo
290 (7
= f—/ uct, x) sinnx dx
=t (t)
2 (7 .
wy(t) = 7/ gt (t, ) sinnx do
T Jo
20% [T
= fﬁ/ ut, x) sin nw dx
m 0
= 1y ()

assuming that the first and second derivatives (¢, z) and uy (¢, z) is continuous on [0, 7] x
[0,00). The spatial derivative has the expansion

o0
Uge (2,1) = Z yn(t) sinnz
n=1



where

2 s
yn(t) = 7/ Ugy (t, 2) sin nx dx
T Jo
2 T 2 T
== Uy (t, x) cosne dr + — [ugg(t7 x) sin nm]
o 0 m 0
2n2 [T 2 T
L u(t,z) sinnx dr — il {u(t, x) cos nx}
s 0 s 0
= —n?u,(t)

using the fact that both sinnz and wu(¢, x) both vanish at x = 0 and z = 7. The source
term is already a Fourier sine series

f(t,x) = e'sinbx = Z fn(t) sinnx
n=1

where f5(t) = et and f,,(t) = 0 for other n. Expanding the PDE we find for n = 1,2,3,.. .,
ul(t) + EnPun (t) = falt)
The initial conditions say
0=u(z,0) = i uy, (0) sin nz:
"
sin 3z = uy(2,0) = Z ul, (0) sinnz
n=1
It follows that u,(0) = 0 for all n and u5(0) = 1 and the rest u/,(0) = 0. It follows that
n =3 and n = 5 are special cases and the rest are handled the same.
uy +9cuz =0,  uz(0)=0,  uh(0)=1.
Hence the general solution is

us(t) = As cos 3ct + Bs sin 3ct.

The initial conditions tell us A3 =0 and 1 = 3¢Bj3 so

(£) = - sin 3ct

ug(t) = 5 sin3ct.
For n =5,
uy + 25c2us = €', us(0) = 0, us(0) = 0.

Using the method of undetermined coefficients (i.e., guessing) we try a particular solution

up(t) = Ce'
Plugging gives

w) + 25¢%u, = C(1 4 25¢%)e’ = €',

SO
1 t

up(t) = T e 25626 .



The general solution is the particular solution plus the general solution of the homogeneous
problem

1
us(t) = As cosbet + By sin bet + met.

The zero initial conditions imply 0 = A5 + (14 25¢2)~! and 0 = 5¢Bs + (1 + 25¢2) ! so

us(t) = 5ce! — 5ccos 5et — sin bet
S 5¢(1 4 25¢2)

The remaining n satisfy
ull +n*ctuz = 0, un(0) =0, u, (0) = 0.
S0 up(t) = 0. Summing all nonvanishing terms we find the solution

(t.2) 1 . St sin 33 + 5cet — 5ecos bet — sin et | 5
u(t,x) = — sin 3¢t sin 3z sin 5z.
’ 3c 5¢(1 4 25¢2)

. Find the temperature of a metal rod that is in the shape of a truncated cone whose radius is
R(z) = d(§ + a), 0<é<d

where a and b are positive constants. Assume that the rod is insulated on its sides, is
maintained at zero temperature on its ends and it has an unspecified initial temperature
distribution. (Text problem 5.6.10.)

The cross section at x = a + £ is a circle so the cross sectional area is
A(x) = md*2?, a<z<l=a+b

We assume that the temperature depends only on z, the coordinate along the rod. Recall
the derivation of the heat equation. Let ¢ be the specific heat, x the heat conductivity and
p the density. Let H be the total heat in the rod between zg <z < a3

H:/ cpA(x)u(t, x) dr
o

The rate of change of energy is

H 1
CiTt = cpA(x)ug(t, z) de = flow in — flow out = A(xq)ku,(t,x1) — A(xo)kus(t, o)

o
Differentiating with respect to z; yields the PDE
cpA(z)u(t, x) = [A(x)nuz(t,x)]x
or
2?uy(t, x) = k[x2ux(t,a:)}w, a<z<{l
where k = k/cp, the heat constant.

To solve this equation, we make the change of dependent variable

v(t, ) .

X

u(t,x) =



The PDE becomes
Vg v
Uy = — — —
r  x2
2 _
TUp = TV, — U

2
[T%Up]e = TVzp + Uy — Up = TUe
so the PDE becomes
TV = KXTU4y

which is the standard heat equation for v(¢,2). The initial condition is ¢(x) = u(z,0) =
v(x,0)/x. Thus the initial-boundary value problem has been transformed to

(PDE) v = kvgg, fora<xz<{, 0<t;
(IC) v(z,0) = x(p(x —a), for a <z < ¥;
(BC) v(a,t) =
v(l,t) = for 0 < t.

This is the standard problem except we have translated to a < = < ¢ where £ = a + b.
Separating variables v(t,x) = T'(t) X (z) we get as usual

') X"(x)

KT X(z) A

which produces the eigenvalue problem with boundary conditions
X"+ XX =0, X(a) =0, X()=0.

The solutions are the translated versions of the usual

X () = sin (’W) L A= (E"Qﬂ:)y

n=123,....
The time equation is the usual

T) + kX, T, =0
whose solution is

ZB exp( kn2772)t>sin (W)

Thus the series solution is

where

2 ¢ . [ nr(z—a)
Bn_ﬁ—a/a xgo(x—a)sln(g_a )dm

Rewriting in terms of w(¢,£) where £ = 2 — a we find for 0 < £ < b and 0 < ¢,

u(t, &) :aJr{ZB exp( knbﬁ )sin(n:g>.




3. The damped wave equation has a resistance term with r > 0 constant. (Text problem 5.6.13.)

(PDE) Ut + U = gy, forO<z </l 0<t
(IC) u(z,0) = ¢(z),
ug(x,0) = (), for 0 < x < 4
(BC) u(0,t) =0,
u(l,t) = Ae™*, for 0 < t.

(a) Show that the PDE and BC are satisfied by

. iweSin B
U(t,z) = Ae Sn Al

where %2¢? = w? —irw.

(b) No matter what o(x) and ¥ (x) are, show that U(t,x) is the asymptotic form of u(t, x)
ast — oo.

(¢) Show that you get resonance as r — 0 if w = mmwc/l for some positive integer m.

(d) Show that friction can prevent resonance from occurring.

We check BC’s are satisfied for all £ > 0,

. .sinfB -0 . .sinf -4 .
— A wt Slnﬁ — 0 — A iwt — A zwt.
U(t,0) e gl 0; U(t,?) e Bl e

We check the PDE is satisfied

U + U — Uy = Aei“t% [—w2 + riw + 0252] =0.

We solve the equation using the method of shifting the data. Putting
u(t,z) =U(t,x) +v(t, z),

the function v(¢,x) satisfies the initial boundary value problem with Dirichlet boundary
conditions

(PDE) Uyt + T = U, forO<z </, 0<t
1C) v(z,0) = p(z) —U(z,0),
us(x,0) = P(x) — Us(z,0), for 0 <z < ¢
(BC) v(0,t) = 0,
v(l,t) =0, for 0 < t.

Separating variables, inserting v(¢, ) = T'(¢t) X (x) into the PDE yields

T"(t) +rT'(t) _ X"(x)

2T(t) X(x) = A

resulting in the eigenvalue problem X ()
X"+ XX =0; X(0)=X() =0.

The solutions are well known by now

X, (x) =sin (?) , i



The corresponding time equation is
T) + 7T, +ANT, =0
The roots of the characteristic equation
/Li + Ty + c2)\n =0

are

. —riViZddEn,

Hn = 2
There are three cases yielding different general solutions. If 2 > 4c2)\,, then both p- are
negative and

T.(t) = Ane“:t + B, etnt
which decay as t — oo.

If 72 = 4¢? )\, then both p,, = —r/2 and the general solution is
T.(t) = Ane” "2 4 B te /2

which also decays to zero.
If 2 < 4¢? )\, then pt = —r/2 + 7,4 where 7, = (2\, — r2 /42 > 0.

T, (t) = e "2 { A, cos ynt + B, sin y,t}

which decays and oscillates about zero.

No matter what the initial conditions are, they determine A,, and B,, by the formulae

1,0 =2 [/ oto)-tte.0sin (") e, 7200 = [ 1ot0) -t (w0 sin (1)

As we have shown, all T;,(t) — 0 as t — oo so

u(t,z) =U(t,x) +v(t,z) = U(t,z)+ 0 as t — oo.

Resonance is the phenomenon that a periodic driving input at the right frequency will cause
larger and larger vibrations. Suppose the boundary condition is driven at the suggested
frequency w = mme/{ for some positive integer m. Then the m-th mode goes crazy. Indeed,
this is the case here. Let us suppose that A is large so that ¢ and 1 are relatively smaller,
and let us track the m-th mode due to the ¢ part of the initial data. r2 < 4c?\,, since it is
close to zero. Then 7, = (c?A,, — r2/4)Y/2 > 0. The initial times have the formulae which
decays and oscillates about zero.

2A ¢ nmwx

T, =A, = i in(——
m(0) ™= st J, smﬁmsm( 7 ) dx

2Awi  [* nwx

oy — - P . (7T
17'(0) = 2Am + Ym B sin Bz sin ( 7 ) dx

™= Usin Bl J,



Computing

/Oesmﬂl’sm (L;m:) dzx = ;/Oecos (ﬂfﬁ) + cos (ﬂJr%) dx

¢
1 [sin(8-mmr) sin (8 )
2| B
1 {sm (8L — mmc) _sin (86 + mrac)}
(=™ Bsmﬁﬁ
52 - 222
(=1)™Bclisin 3¢
N Tmr
where we use w = mme/f and $%¢? = w? — irw. Thus
A = 2ABc(-1) z, B, — ABe(—1)™(—w + 1)
Tmr YT

Since fc — w as 7 — 0, we see that for fixed ¢, the magnitude of the m-th mode
| T (6) X ()| — 00 asr —0

which is resonance.

On the other hand, if a modicum of drag is present r > ro > 0, all v modes are bounded
by some C/ry where C is a constant depending on ¢, ¢ ¢, £ A and w and solutions decay
at an exponential rate to the steady periodic solution.

. Solve the boundary value problem for Poisson’s Equation in a spherical shell in three space.
Take the limit of your answer as a — 0 and interpret the result. (Text problem 6.1.8.)

(PDE) Au=1, for a < r < b;
(BC) u=0, for r = a;
u, = 0, for r = 0.

The Laplacian in spherical coordinates (r, ¢,0) (¢ is from z-axis in (z,y)-plane and 6 is
angle from z axis)

2 1
Au = tpr + ~up + — |uge + (cot 0)ug + (sec? Ougs
r r

Assuming rotational symmetry, we seek functions u(r) which satisfy

2
u” + ;u' =1, u(a) =0, u-(b) = 0.

Multiplying by 72,
(7'2U/)/ 2 " +2ru _ ?"2

whose general solution is

1 1
T2’U,/(T) =c + 57’3, U(T‘) = Cg — *Crl + 67"2
The initial conditions tell us
b3 b®
OZbQUT(b)ZQ-ﬁ-g - c1 =—3



and
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Figure 1: Plots of u(r) for a =.1,.2,...,1.0 and b = 1.

out of the limit, then there would be a limiting surface with a finite point singularity at

the origin in the shape of a thumb tack. However, bounded solutions of Poisson’s equation
don’t admit point singularities.

Solve the boundary value problem for Laplace’s equation.
(PDE) Ugpz + Uyy = 0, for0<z<m 0<y<l;
(BC) u(z,0) = u(zr, 1) = sin® =,

for 0 <z < m;
u(0,y) = sinmy,

u(m,y) =0, for 0 <y < 1.

Let us solve for three simpler BVP’s, and add their solutions. The problem with data only



on the y = 0 side is

(PDE) Upg + Vyy = 0, for0<z<m0<y<l;
(BC) v(x,0) = sin® z,
v(z,1) =0, for 0 <z <m;
u(0,y) = u(m,y) =0, for 0 <y < 1.

Separate variables v(x,y) = X (2)Y (y) and plug into the PDE
X"Y+XY"=0
S0
Y'(y) _ X"(x)
Yy  X(z)

The x equation yields the eigenvalue problem

X"+ MX =0, X(0) = X(m) =0.
The solutions are as usual,
X, (x) = sinnz, Ap = n?, n=1,23,....

The y equation is
Y) —\Y, =0, Y(0) =1, Y(1)=0.

Its solution is

The general solution is
smhn 1—vy) .
E —————~sinnx

sinhn
Note
3 ei:c _ efia: 3 eSiz _ 36ix + 3671&: _ 6731‘1 3 ) )
sin® x = - = - = —ginx — —sin 3z
21 —87 4 4
Aty =0,

3 1
Zblnx—;blnfﬁx—bln?’x—vxo ZAnbmm:

which means that all but two Fourier coefficients vanish and the solution is

3sinh(l—y) .~ sinh3(1—y)

Asinh1 o7 Isinhg  omse

’U(:L‘,y) =

The transformation ' = z and 4y’ = 1 — y swaps top and bottom of the rectangle. Since
harmonic functions are invariant under rigid motions, the solution with data on y =1 is

3sinhy . sinh 3y
sinz —
4sinh1 07 Zsinh 3 ®

w(z,y) = in 3x.



Finally we consider the problem with the only nonzero data on the left.

(PDE) Zaz + 2yy = 0, for0<az<m0<y<l;
(BC) z(z,0) = z(x,1) =0, for 0 <z < m;
2(0,y) = sinmy,
z(my) =0, for0 <y < 1.

This time we take the y equation for the eigenvalue problem
Y- )Y =0, Y(0)=Y(1)=0.
The solutions are as usual,
Y,.(y) = sinnwy, A\ = —n’72, n=123,....

The X equation is

Its solution is

The general solution is

At z =0,

o0
sinmy = 2(0,y) = Z B, sinnx
n=1

which means that all but one Fourier coeflicients vanish and the solution is

sinh(r —z) .
z(x,y) = —mnn SRy

By superposition, we reach the solution of the original problem

u(z,y) =v(z,y) + w(@,y) + 2(2,9)

3sinx , . . sin3x . . ) sinh(r — x)
T A h(1 - hy) — h3(1 — h smh(m —x)
4sinh 1 (Sln ( y) -+ sin y) 4sinh 3 [Sln 3( y) -+ sin 3y] +

- sin 7y.
sinh 7

. Suppose that u is a harmonic function defined in the exterior of a piecewise smooth bounded
domain D C R which decays uniformly to zero at infinity. Show that

|u(@)] < sup fu(z)] = M
oD

for all x € RIN\D. Show that if u is harmonic on R? and decays uniformly to zero at
infinity, then u(z) =0 for all z € RY.

This is a simple application of the maximum principle. First we argue that |u(x)] < M for
any choice of z € R¥\D. For any € > 0, there is a large number R such that R > |z, the
R-ball contains the domain Br(0) D D and by the convergence to zero at infinity,

lu(z)| < e  for all z € R such that |z| = R.

10



By the maximum principle applied to the annular region Dp = Br(0)\D whose boundary
is 9D U 0BR(0), we have

—M—e< inf |u(x)] <u(z) < sup |u(z)|< M +e.
©€ODr 2€9DR

But since € > 0 was arbitrary, we conclude |u(x)| < M. The argument given allows the
possibility that M = 0.

Now suppose that u is harmonic on all of R and decays uniformly at infinity. Choose
r € R4 We claim that u(z) = 0. If this is not the case, then there is R > 0 such that
R > |z| and

M= sup |u(y)] <|u(z)]. (1)
y€EOBR(0)

Applying the maximum principle to Br(0) yields a contradiction because x € Br(0)

~M < inf Ju(y)| <u(z)< sup  |u(y)| <M
y€OBR(0) y€IBR(0)

so |u(x)] < M contrary to (1).

. Prove uniqueness of the Robin problem with a > 0 constant in a smooth, bounded domain
D C RY.
(PDE) Au=0, for z € D;

du

(BC) on

+au =0, for x € 0D.

Suppose u and v are two C? solutions and let w = u — v. By linearity of the PDE and BC,
w also satisfies the Robin problem

(PDE) Aw=0, for z € D;
ow

(BC) o

+ aw =0, for x € 9D.

Consider the energy. Integrating by parts, and using the Robin condition,

/|Vw|2dV:—/wAde+/ wa—wdS
D D op On

:0—/ aw? dS
oD
<0.

It follows that the energy is zero, and because Vw € C!, the integrand is identically zero. In
other words Vw = 0 for all points in the domain, which means since domains are connected,
w = const. Hence at the boundary, ‘3—;’1’ 4+ aw = 04 aw = 0, which implies that the constant
is zero w = 0 on D: the two solutions agree so solutions are unique.

. Consider Laplace’s equation on the unit disk.

(PDE) Upg + Uyy = 0, for 2% + % < 1;
(BC) u=1z? for 22 + 9% = 1.

Find the Rayleigh-Ritz (least energy) approximation to the solution of the form

22+ (1 — 2% —9°) + cox®(1 — 2% — 9°).

11



The harmonic function is the energy minimizer among all functions satisfying the boundary
conditions. If we restrict to the finite family of functions

v =wy+crwy + - cpwy

where wy = 2 on the boundary and w; = 0 on the boundary for 7 > 1. The energy is in

terms of £2-inner product (u,v) fD uv dA

n

1 n
V” Vo) §chjck(ij,Vwk)
§=0 k=0
where ¢y = 1 for simplicity. At the minimum, for each i =1,2,...,d
oOE 1 1
0= Fe = ¢i(Vw;, Vw;) + 3 Zc;&th Vuwy) + 5 ch(ij7 Vw;)

ki j#i

= Z ¢;(Vwj, Vw;) + (Vw;, V)
j=1
which is a linear system for c;. We need to find the inner products using
wo = 2, wy =1 — 2% — 4, wy = 2%(1 — 2 — y?),
The gradients are
Vuwgy = (2z,0), Vuwy = (—2z, —2y), Vwy = (2x — 42 — 2xy?, —22%y)

We shall need the following tricks.

2
/x dA = /:L‘ +y2dA = // rd@dr*—
2 2
/x dA = / / 5 cos Hdedr—/ r dr/ cos?(1 — sin® 0)6 df
:f/ cos Q—fsm 20d0 = =
6 Jo 4 8
2 2
/xzdeA / / 79 cos? 0 sin? 0 df dr = - / r dr/ sin 20d6_ﬂ
2m 2
/ Y2 +y*)dA = / / 7 cos 9d9dr—/ r dr/ cos?(1 — sin? 9)¢9d9——
2m 1 2m
/xzyz(x2+y2)dA:/ / " cos? 0 sin29d0dr:f/r7dr/ sin220d = -
D 0o Jo 4 Jo 0 32

SO

(Vwg, Vwg) = / 422 dA = T,
D

(Vwg, Vwy) = / —4z? dA = —
D
(Vwg, Vwsy) = / 4a? — 8zt — 42y? dA = —%,
D
(Vwy, V) = / 42% + 4y* dA = 2,
D
(Vwy, Vwsy) = / —4a” + 8zt + 8x%y? dA = g
D
3
(Vwsy, Vwy) = / 42% — 162" + 1621 (22 + y?) + 422y (2 + y?) — 822y? dA = g
D

12



The coefficients satisfy

(le, V’LUl) (le, VU}Q) C1 (Vwo, le)
(Vwg, Vwy)  (Vwsz, Vws) | \ c2 (Vwo, Vws)
or
21 g c1 _ —T
UL N il
3 8 2 6
whose solution is ¢ = % and co = 0.

It happens that this is a harmonic function that satisfies the BC. One sees that

1 1
w2+§(1—x2—y2) = 5(902—2/2)+

2
which is a sum of harmonics.
9. Solve the same problem for Laplace’s equation on the unit disk. This time, use Fourier
series.
(PDE) Upg + Uyy = 0, for 2 + ¢ < 1;
(BC) ?

u =z, for 2% +y? = 1.

In polar coordinates, u = R(r)O(0) satisfies Laplace’s Equation

1 1 1
0=Au=1ur, +—u, + — Ugp = R'®©+-RO+ —2R®".
r r r r

Multiply by 72/RO and separate.

r?R"(r) +rR(r)
R(r) a
The 6 equation gives the eigenvalue problem

@//(9) _
o) A

0"+ 20 =0, © is 2pi-periodic.
This has the eigenfunctions

cosnf, sinnd, A =n?

, 0,1,2,3,....
The corresponding r equation is
Rl + 7R, — AR, =0

R, is bounded in 2% + 9% < 1.
These are Euler equations. For n > 0 we guess R = r*. Inserting

0=r%ala —

Dro 2 £ rar*™t —n?r® = (a(a — 1) — A\,)r®
The characteristic equation is

a2 —n?=0
whose roots are +£n and general solution

R, (r) =Cpr™ + Dpr™"

13



10.

so D,, must vanish to keep the solution bounded at zero. For n = 0,
0=r*Ry) +rR =r(rRp)

whose general solution is
Ry (7‘) = Co+ Dylogr.

Again, D,, must vanish to keep the solution bounded at zero. The general solution is thus

u(r, ) = % + Z r" {A, cosnf + B, sinnb}.

n=1

The initial condition tellsusonr =1

1 oo
2 _ o2 Ao n .
x® =cos’ 0 = 3 (1+ cos26) 7 E {A,, cosnb + B, sinnf}
so )
1= A, 5= As, The rest of the A,,, B,’s vanish.

Hence the Fourier Series solution is
1 1
u(r,8) = 3 + 51"2 cos(26)

which is the same as
1 1 1.,

1
u=2+2r2[cos29—sin29} 25—5[:10 — 7

which agrees with the solution noticed at the end of the previous problem!
Suppose f(0) is a continuoius 2mw-periodic function. Show that the Poisson integral
P[f](r,0) = f(6o) as (r,6) = (a,6p).

This problem is more difficult than you would see on an exam, but you should be able to
do it as, say, a homework problem. The ideas are similar to the showing the pointwise
convergence of Fourier Series. The Poisson Integral is given by,

a? —r? [T f(9)do
2 /0 a? — 2ar cos(¢ — 0) + 12

Pf](r,0) =
Choose € > 0. By continuity, there is a § > 0 so that
€
|f(¢ = 00) — f(Bo)] < 5  Whenever |p — 6| < 9.

Now take 0 such that |6 — 6p| < J/2.

Observe that since the harmonic function with constant boundary values f(f) = 1 is
u(r,0) = 1 for all 0 < r < a and . We could also observe that we can integrate term
by term the uniformly convergent series when r < a. In either case, we get

1 [ 1—7r2 (% d¢o
1= 27 J, {1+QZ( ) cosn(¢ — 9)}d¢: 27 /0 1 —2rcos(¢p —0) + r? @)

It follows that

P[f](r,0) — f(6o) =

a2 — 2 [27 _
/O 10) =100

27 a? — 2ar cos(¢p — 0) + r?

14



Substitute ¢ = ¢ — 0y, and use the fact that the integrand has period 27
a1’ /2”—90 F(¥ + 00) — f(6o)
2r g,  a® —2arcos(y+ 6y —0) 412

112 (™ f(¥+00) — f(6o)
2 /Wa2—2acos(z/}+90_9)+r2d¢

P[f](r,0) = f(60) = dp

Split into three integrals
P[f](r,0) = f(6o) = I+ 11 + 111

o’ —r? /5 J(® +00) — [(60)
27 = a? —2acos(vp+ 6y —0)+r?

dip

* b +60) — f(6o)

+[5 1—2rcos(w+90—9)+r2d¢
T f(@+6) — f(bo)

+/5 1—2rcos(1/1+90—9)+r2d1/}

In the the middle integral, using the continuity and the positivity of the integrand in (2),

a? —r? /5 f (W +60) — £ (60)
2 J_sa® —2arcos(yp + 60y — 0) + 12

dw‘ <

1—r2/5 F(¥+60) = f(0)l
v

2 J_s a® —2arcos(yp + 0p — 0) + 12

< € 1—T2/7r dip
- 2 27 = a2 — 2arcos(y + 0y — 6) + r?

On the other hand, |§ — 0y| < §/2 and |¢| > § we have

€
< —
dw_2

)
0400 0] > 0]~ 10— 0] 25— = 2.
50 )

a® = 2ar cos(1h + g — 0) +1° +r* > a® — 2ar cos (2> + 72,

Thus the other two integrals are bounded by

a2 — 2

T4 < L @ds st

(a2 — 2ar cos (g
which tends to zero as » — a—. Hence there is n > 0 so that

I+ 111 < whenever a — 1 < r < a.

N

It follows that
|P[f](r,0) — f(B0)| < € whenever |0 — | < g and a —n <r <a.

which is to say

lim  P[f)(6) = (o).

(t,0)—(a,b0)

Note that the convergence in Poisson’s formula is better than for Fourier Series. The
pointwise proof required that f’ be piecwise continuous too. Indeed, there are continuous
functions for which the Fourier series does not even converge, whereas they do in Poisson’s
formula.
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11. Use Poisson’s Formula to prove Weierstrass’s Approximation Theorem: if f is a 2mw-periodic,
continuous function, then for every e > 0 there is a trigonometric polynomial (finite Fourier
series) Sn(0) such that

|f(0) — Sn(9)] <€ for all 6.

This is an example of how PDE techniques can be used to prove results in real analy-
sis. The Weierstrass Approximation Theorem is sometimes covered in first year analysis
courses. Another version says continuous functions on a compact interval may be uniformly
approximated by ordinary polynomials.

The idea is to take r close to a and approximate f by the Poisson integral. Then to
approximate the infinite sum by a finite one.

We showed in the previous problem that the Poisson integral approximates continuous
functions pointwise. Because the unit circle 0 < 6y < 27 is compact, it follows from a result
in first quarter analysis that the continuous function h(¢) is uniformly continuous. Hence
neither the the § nor the 7 depend on 6 so the approximation is uniform. Thus it says, for
every € > 0 there is an 1 > 0 so that

|P[f](r,00) — f(60)| < % for any 6y and whenever a —r < r < a. (3)

Now recall that the Poisson Formula was derived by summing the Fourier Series
P[f](r 0)—@+§: (f)n{C cosnb + D, sinnf} (4)
7 B 2 n=1 a ! " '

Since we have moved a™ back into the formula, for n = 0,1,2, ..., this leaves

1 27 1 2m
Cn = - f(¢) Cos n¢ d¢7 D, = ; f(¢) sin ’/l(b d¢

™ Jo 0

The coefficients are bounded

2m

Cule 1D <2 [ 5@l do =M
T Jo

which means that the series (4) is uniformly convergent because the summands decay ge-

ometrically since r/a < 1. Recall that the proof of Poisson’s Formula follows by replacing

C, and D,, by their integrals, and then exchanging summation and integration by uniform

convergence of the series and then summing the series inside the integrals.

The geometric decay allows us to estimate how well the partial sums of (4) approximate the
total, thereby completing our approximation. Fix a —n < r < a, say 7o = a — /2. Then
the error approximating the partial sum is bounded by

i (Lo)n {C}, cosnb + D,, sinnb}

a
n=N+1

S (%) 16 + Dl

n=N+1
%) -
< oM (—0)
<y (%
n=N+1
N+1
QM(T—O)

16
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12.

which tends to zero as N — oo. Thus for Ny = N(a, M, rg) sufficiently large, the sum is
less than €¢/2. Combining (3) and (5), it follows that

|£(00) — Sn, (60)] < € for all 6.

where the trigonometric polynomial is given by

No
C. n
SN, (0) = 70 + g (%O) {C), cosnb + D,, sinnf} .
n=1

We remark again that the series (4) may not converge at all if r = a because the Fourier series
may not converge if f is only continuous. The approximating trigonometric polynomial has
the additional (a/r)™ convergence factors, which is known as an Abel Sum in the theory of
trigonometric series.

Solve the BVP for Laplace’s Equation in the quarter circle

(PDE) Au=0, forx2+y2<1and0<9<g;
(BC) u(1,6) =, for 0 < 6 < g
u(r,0) =0,
ug(ng):O, for0 <r <1

In polar coordinates, u = R(r)O(0) satisfies Laplace’s Equation
]' ]‘ 1/ ]‘ /! 1 1
0=Au=1uy+ -u + up =R'O+-RO+ - RO".
T r T T

Multiply by 72/RO and separate.

r?R"(r) +rR'(r) ~97(0)

R e

The 0 equation gives the eigenvalue problem
0" +16 =0, 0(0) =0, e'(5) =0.

These are symmetric boundary conditions so the eigenvalues are positive A = 32 where
B > 0. The general solution is

©(0) = Acos 6 + Bsin 56

The boundary condition ©(0) = 0 says A = 0. The boundary condition 0 = ©'(}) =
Bfcos(B%) says f=1,3,5,.... Thus the eigenvalus and eigenfunctions are

A = (2n 4 1)2, 0,(0) =sin(2n+1)0, n=0,1,2,3,...
The corresponding r equation is
7"2RZ + rR;L — AR, =0, R,, is bounded in r < 1.
As in Problem 9, the solution is

R, (r) = p2ntl

17



13.

14.

The general solution is thus

u(r,0) = Z B,r* T sin(2n + 1)6.

n=0

The initial condition tellsusonr =1

0 =u(1,0) = Z B, sin(2n +1)0

n=0

Picking off the coefficients using the inner product, and integrating by parts

4 s
B, — 7/2 0 sin(2n + 1)0 d6
™ Jo

4 6 cos(2n + 1)0 3 /g cos(2n + 1)0 do
=R + ==
m 2n+1 0 0 2n+1
4 [sin@n4 1012 dsin(n+ Dr a(-1)
Corl 2n+1)2 |, w@2rn+1)2  w(2n+1)2

Hence the Fourier Series solution is

oo 4(_1)717,271-&-1 )
u(r,8) = Z ——————sin(2n + 1)6.
= m(2n+1)?

Let D C R? be an open domain. Suppose u is continuous on the closure D and harmonic in
D. Suppose that Br(x) C D, the open disk of radius R and center x is completely contained
in the domain. Show the mean value property also holds on the whole disk

1
u(z) = 7TR2/BR(x)U(x) dA(z).

Let 0 < r < R and consider the circle of radius r about . For y = 2 + p(cos 8, sin #) where
0 < p < r we have Poisson’s Formula

r? — p? /27r u(z + p(cos ¢, sin @) do
2 Jo 12 —=2prcos(f — ¢) + p?

u(y) =

We have the mean value property for circles simply by substituting p = 0 into Poisson’s

formula.
1 2m .
u(r) = > / u(z + r(cos ¢,sin ¢)) do
0

Substituting this for the inside integral over the whole disk gives the result

R r2m R 2
WLRQ/O /0 u(m + r(cos (Z),sind))) dprdr = %Rz/o 2ru(z) rdr = 27;%(5) . % = u(x).

Let A and B be two disjoint smooth bounded domains in R® and Q > 0 constant. Denote
by D = R® — (AU B) be the exterior domain. Thus 0D = AU IB. Let u be a harmonic
function on D which tends to zero at infinity and which is constant on A and constant on

OB, and satisfies

ou ou
—dS=Q >0 and —dS =0 6
A B’I”L A 871 ( )

where n denotes the outer normal from D. [Interpretation: u is the electrostatic potential
outside two conductors, A carries charge Q and B is uncharged.] (Text problem 7.1.6.)

18



(a) Show the solution is unique. [Hint: Use Hopf’s Mazimum Principle.]

(b) Show thatu > 0 onD. [Hint: If not, u has a negative minimum. Use Hopf’s Mazimum
Principle again.]

(¢) Show u > 0 in D.

Let u and v be two solutions. Their difference w = u — v is harmonic, vanishes at infinity
and is constant on 0A and 9B (although we don’t know that w is zero on either A or 0B)
and 9

Owis— [ ag o, (7)

DA 871 9B 871

Let o and 3 be the values of w on the respective boundaries and suppose that the larger
of the two magnitudes occurs on 0A, so a # 0 and |« > |8]. If the maximum occurs on
B, we just swap the roles of A and B in the argument. By replacing w by —w we may
assume « > 0. If one takes a large disk Br about zero that contains A and B, then for
R large enough, a > |u(z)| for all x € 0Bg. It follows by the maximum principle that
the maximum of u on Br — (A U B) occurs on the boundary, in fact on 0A. By Hopf’s
Maximum Principle, the derivative is strictly increasing to a maximum from inside D

ow

%(a) >0 for all a € 0A.

But this contradicts (7). It follows that o = f = 0 and the maximum occurs on dBg. By
taking R — oo, both the maximum and minimum of w on dBp tend to zero, which means
that at a point « € D inside, |w(x)| also tends to zero. Thus w = 0 in D and the solution
is unique.

We argue that v > 0 on D. Let o and 8 be the constants on JA and dB. First we
argue that neither is negative. Suppose one of them is the more negative, say o < 0 and
B > a. As before, for large R, u > o on 0Bp for R large enough. Thus the weak maximum
principle says the minimum of v is on the boundary 0A. By Hopf’s Maximum Principle,
the derivative is strictly decreasing to a minimum from inside D

g—Z(a) <0 for all a € 0A.

Hence 9
w
—dS <0
A 871

which contradicts (6). If the minimum were on 0B instead, then we would likewise get

a—walS<O
OB 8n

which contradicts (6) also.

As before, if u(z) < 0, for large R, u(y) > u(x) on y € OBg. Then there is a negative
minimum point z € D such that u(z) < u(x). But this contradicts the usual maximum
principle on B — (AU B). Thus we have shown v > 0 on D.

Finally, we claim w > 0 on D. First we must have a > 0. If not & = 0 and because v > 0
then u is a minimum on 0A. But this means that
Z—Z(a) <0 for all a € 0A.

contrary to (6). By the same argument 8 > 0. Let us rule out u(xz) = 0 for any interior
point € D. Because u > 0 in D ir follows that Vu(z) = 0 at the minimum. Put a tiny
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15.

16.

sphere  C D such that z € 9. Now u > 0 in Q says that u is minimum of u in Q at .
Let v be the outward normal of 2. By Hopf’s maximum Principle,

ou

contrary to Vu(x) = 0.

Suppose u(x,y) € C%([0,a] x [0,b]) is a solution of the boundary value problem for Poisson’s
2

equation on the rectangle. Show that u(x,y) < %. (Hint: mazimum principle using easy
solutions of the PDE.)

(PDE) Upg + Uyy = —1, forO<z<m0O0<y<l;
(BC) u(z,0) = u(z,b) =0, for 0 <z < a;
u(0,y) = u(a,y) =0,, for 0 <y < b.

Let’s consider a quadratic polynomial, whose second derivative is —1 and that is zero at
endpoints.

v(z,y) = %:c(a —x).

Hence Av = —1. Put w(z,y) = u(z,y) — v(z,y) to show w < 0. w satisfies

(PDE) Wez + Wyy = —1—(=1) =0, for0<z<mO<y<l;
1
(BC) w(z,0) =w(z,b) =0— 5:5(@ —z), for 0 <z < g
w(0,y) = w(a,y) =0—-0=0, for 0 <y < b.

Because w(z,y) < 0 on all four sides, we have by the maximum principle
w(z,y) <0 forall0 <z <aand 0 <y <b.

Hence we obtain the desired estimate by maximizing the quadratic function

a2

1
u(x,y)gix(a—x)gg forall0 <z <aand 0 <y <b.

Let p(x) be any C? function on three dimensional space that vanishes outside some sphere.
Show the equality. (Text problem 7.2.2.)

1 A p(x)

Let us integrate by parts on the annulus D(e, R) where R > 0 is so big that it contains
the support of ¢ and 0 < € < R. The formula will be the result of taking the limit ¢ — 0.
Applying the divergence theorem to uVv — vVu we get,

/ uAv—vAudV:/ (uav—vau) dA.
D(e,R) 8D(¢,R) on on

Insert the choice u = |z|7! = r=! and v = ¢, we have Au = 0 in D(e, R) which is away

from the singularity. Note that ¢(x) = 0 near |x| = R so that both ¢(x) = d.p(z) = 0

20



17.

when |z| = R so that the integrals on the outer boundary of D(r, R) vanish. On the inner
boundary 9/0n = —9/0r because the normal points toward the origin. It follows that

Ap(x) / (1 Oy 0 1)
/D(E,R) |z (=) aB.(0) \T Or o )37“7"

[ () g
aB.(0) \T Or €

Since ¢ is C?, its gradient is bounded |V (z)| < M for € Br(0). It follows that

foo (727)
8B, (0) r Or

On the other hand ¢(x) = ¢(0) + R(x) where |R(z)| < M|z — 0] since M bounds the
Lipschitz constant for ¢. Hence

M
§—~47Te2—>0 as € — 0.
€

1

= / o(z) dA — 47 p(0) L
9B.(0)

‘i/ o(z) — 6(0)dA
0B.(0)

€2 €2

1
—5 [ R@ds
€ JoB.(0)

< Mle| - 4me2(0)

5 —0 as € — 0.

€

Thus, taking ¢ — 0 and R — oo in (8) yields the desired equation

/ Aglz) dV (x) = —4mp(0).
R |7

Show that distributions may be differentiated. If [ is any distribution on R, then [’ is a
distribution defined by the formula. (Text problem 12.1.2.)

(f',0)=—(f,¢) for all test functions .

To be a distribution, it must be linear and continuous on test functions. To check linearity,
let ¢ and ¥ be test functions (C* functions with compact support) and let a and b be
constants.

(f',ap + b)) = —(f, lap + b)) definition of derivative distribution.
=—(f,ap/ + W) linearity of derivative of a smooth function.
= —a(f,¢') —b(f,7') linearity of the pairing f with test function.
=a(f',p) +b(f, ) definition of derivative distribution.

To check continuity, let ¢, — ¢ be a sequence of test functions that all vanish outside a
common finite interval which for which each derivative converges uniformly to the derivative
of ¢. Then, as n — oo,

(f' on) =—=(f,¢l) definition of derivative distribution.
— —(f,¢") continuity of f for the converging sequence {¢/,}.
=(f,¢) definition of derivative distribution.
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18. Construct a piecewise constant approzimate identity xo as follows. Show that x, — do
weakly as a — 0. (Text problem 12.1.10.)

%’ if —a<z<a;
Xa =
0, otherwise.
Weak convergence for distributions means

(Xa,®) =0 as a — 0— for every test function .

Since x, is a function, as a distribution its evaluates on test functions ¢ as

(Xar ) = /°° xa(®)o(s)ds = = [ o(s)ds

—0o0 - % —a
Since ¢ is continuous at zero, for every € > 0 there is a § > 0 such that
lo(s) — p(0)] < e whenever |z| < 4.

It follows that if 0 < a < d,

|(Xar ) — ©(0)] <

o | o) —pl0)ds

—a

1 a

< 5 7a\<ﬂ(5)*@(0)|d5
1 a

< % _GEdS:E

Hence
(Xa, @) = ©(0) = (b0, ) as a — 0.

Since ¢ was arbitrary we have shown x, — dg weakly.

19. Verify that the Fourier Transform of the square pulse equals the sine. (Text problem
12.3.1b.)

FlH(a —|z|)](k) = %sinak.

The square pulse equals one if || < a and zero if |x| > a. Thus its Fourier transform equals

Flito— D)) = [ Hlale)e " dr

:/ e~ dy
_ efikx a
ik,
1
—7

e—ika _ eika)

2
= T sin ka.
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20. Verify the Fourier Transform of the derivative formula. (Text problem 12.3.2a.)

;Bﬂ@)MHMM

In case f is a C! function with compact support, we can integrate by parts. Suppose that
the support of f is contained in the interval (—R, R). Thus

F [g;ﬂ (k) = _Z %(w)e‘i’m dx
BOf .
— Y ikz g
r (x)e x

R R
= [f(x)e““} + zk‘/ f(x)e ™ dx
-R -R

o .
=0+ zk:/ f(z)e ™ dg
— 0o
=ik F[f](k).
In case f is a distribution, for any test function ¢, the definition of the Fourier transform is
(FIf] @) = (f, Flel)-
We get for the derivative and for any test function (compactly supported)

(F1f1.0) = (f,F¢))
=—(f.(F o))

o [ _.
= _ <f7 By Lm eilkqu(x) dx)

= <f7 h ze*ikxqb(:c) dac)

oo Ok
= (f, /OO —ize”*p(x) dat)

= (f, F[iz¢(x)))
= (FA1(k). ike(k)])
= (ikFIf)(k), o(k)).

21. Assuming p(x) is bounded and continuous, show that there is at most one solution of the
initial value problem for the heat equation on the line. In particular, if p and u are bounded,

prove the mazimum principle |u| < sup |g|.
for —co <z < 00,0 <t <tp;

(PDE) Ut = Ugy,
(IC) u(0,z) = p(z), for —oo < = < o0
(BC) u(t, x)ew2/4t° —0 uniformly in ¢ as |z| — oco.

Hint: make a change of dependent variables [Problem from Weinberger, First Course in

PDE, Xerox Pub., 1965, p. 320.]

e = e ()
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22.

Take the kernel

H(t,z) = \/toli_t exp (4@::)) .

It satisfies the heat equation

xH
H >0, Hy=———, Hy=H,,
2(tg — 1) k

SO

0= Up — Ugpy = (Ut _ ’Uzw)H — QUQ:Hw + U(Ht — Ha:a:) = (Ut — Ugz — txvxt> H.
0 —

Thus v satisfies the maximum principle in any region [—R, R] x [0,%5). Now choose any
—00o <€ <ooand 0 <7<t

Since we assume u(x,t)e’””2/4t0 — 0 uniformly in ¢, for every € > 0 there is an R > 0 so
that R > |¢] and |u(x,t)| < ee® /40 whenever 0 < t < to and |z| > R. Then

o(t, )| < evio —Fexp <j (-t =i

for all 0 < t < ¢y and || > R. Since the initial condition

0(0,2) = () /i exp (;) ,

by the maximum principle on [—R, R] x [0, 7], we have

Since € > 0 was arbitrary,

0(r,6)] < ﬁosup{wmexp ( ”2) }

4tg

It follows that for every (£, 7) € (—o0,00) X [0, to],

utr 81 = 2 exp (1 s {leta e (55 )}.

Now, if w is the difference of two solutions of the IVP, this estimate shows that w = 0 so the
solution is unique. One can continue the solutions to ty < ¢ < 2ty and then to 2ty < t < 3ty
and so on to prove w = 0 for all ¢.

If w and ¢ are bounded, then the condition holds for ¢, arbitrarily large. Fix (§,7) €
(—00,00) % [0,00), and take tg > 7. Letting ty — oo in the bound gives

utr 91 = L exp (5 sup {lotlenn (75 ) b = sup ot

Using Fourier transforms, solve the initial value problem for the wave equation on the real
line.

(PDE) U = gy, for —oco <z < 00, 0 < t;
(1C) u(z,0) =0,
u(z,0) = 6(x), for —oo < 2 < o0;
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23.

Take Fourier transform with respect to x, using @y = 1, Uy = iwi and 6= 1,
Uy = —CCw?a, 4(0,w) =0, G4 (0,w) = 1.
This ODE in ¢ has the solution
N 1 . 1 2
G(t,w) = — sincwt = — - — sin cwt
cw 2¢ w
From Problem 19,
2
FlH(a — |z|)](w) = — sin aw.
w
Taking a = ct,
1
t,x) = —H(ct — .
ult, ) = o H(ct — Ja]

This is the fundamental solution. An initial unit impulse of velocity at the origin results in
a widening square wave.

Using the source function from Problem 22, solve the wave equation on the line, where ¢
and Y are bounded, piecewise continuously differentiable functions.

(PDE) Uy = gy, for —co < x < 00, 0 < t;
(IC) u(z,0) = ¢(z),
ut(x,0) = (), for —oo < 2 < o0;

Decompose the solution into © = v + w where v solves

(PDE) V= gy, for —oco <z < 00, 0 < t;
1C) v(2,0) = p(z),
ve(x,0) =0, for —oo < < o0.

and w solves

(PDE) Wy = CWyyp, for —oco <z < 00, 0 < t;
(IC) w(z,0) =0,
wi(z,0) = Y(x), for —oco < x < 0.

Since the source function kernel solves the wave equation (at least in the distributional
sense) then

1 o0 1 x+ct
wt)= o [ Ht=lo- gDy =5 [ v
—00 r—ct
solves the PDE and IC for w. The integral makes sense by the piecewise continuity of
1. Of course this recovers the second part of d’Alembert’s solution. We also use the fact
that the derivative z; solves the wave equation if z does. Consider the following IVP for z
Decompose the solution into © = v + w where v solves

(PDE) 24t = C 2y, for —co <z <00, 0<t;
(1C) z(x,0) =0,
zi(2,0) = p(x), for —oco < < 0.

As for w, the solution is

) = 5 [ HGet— o= yot) dy
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Now use the fact that as distributions, H' = 4. To see this, for any test function ¢, for R

larger than the support of ¢,

[e%) R
(H'.¢) = —(H.(') = — / H(s)¢'(s) ds = - / ¢'(s) ds = —C(R) +C(0) =

Differentiating we find

2t QCat/ H(cet — |z —y|)p(y) dy
- /_m H'(ct — |z — y))o(y) dy

- % /_O; (et — |z —yl)e(y) dy

= % [p(ct — ) + p(ct + z)].

= (4,0).

One checks that z:(0,2) = 0 so it solves the IC’s for v, thus v = z;. Of course, this is the

first half of d’Alembert’s formula so we are not surprised.

24. Find by means of Plancherel’s Formula. [Problem from Weinberger, First Course in PDE,

Xerox Pub., 1965.]
00 1.2
(a) / sin xdx

2
e T

e s} 17677;041
b - -
o [

Plancherel’s formula for f € £2 is

| wpd= g [l

— 00

2
dz

By problem 19,

F [H“;W] (w) = %Sinw.

Thus from the Plancherel formula

I e R e i

Also, observing that
00 ] a 1— —iaw
w) = / f@)e™ ™ de = / ey =~
—00 0 24

where f is a pulse from 0 to a,

Thus from the Plancherel formula

/O; llzi)mw 2 dw:/m \f(w)\Zdwzzw/oo \f ()2 do

— 00 — 00

:27r/ |H(x)—H(x—a)|2dm:27r/ dzx = 27a.
0

— 00
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